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Dawson ( l )  f o r  th e  s o lu t i o n  o f  the  d i f f e r e n t i a l  e q u a t io n s  o f  
m otion  o f  p r e - t w i s t e d  beams n e g le c t in g  s h e a r  and r o t a r y  
i n e r t i a ,  e f f e c t s .  T h is  method c o n s i s t s  i n  t r a n s fo rm in g  the  
o r i g i n a l  e q u a t io n s  in to  a s e t  o f  f i r s t  o rd e r  d i f f e r e n t i a l  
e q u a t io n s  and s o lv in g  by Runga-Kutta s t e p - b y - s t e p  i n t e g r a t i o n  
m ethod. The method has been programmed f o r  an E l l i o t - 5 0 3  
com puter i n  A lgol language and the  n a t u r a l  f r e q u e n c ie s  and 
mode shapes o f  v i b r a t i o n  a re  o b ta in e d  f o r  v a r io u s  b re a d th  to  
d ep th  r a t i o  beams o f  le n g th s  ran g in g  from 3 in ch es  to  20 in ch es  
and p r e - tw i s t e d  ang le  up to  90 d e g r e e s > f o r  up to  f i f t h  mode 
o f  v i b r a t i o n .  The r e s u l t s  a re  compared w ith  o th e r  
i n v e s t i g a t o r s  work where a v a i l a b l e  and good agreement i s  
o b ta in e d .
The n a t u r a l  f r e q u e n c ie s  and mode shapes o f  v i b r a t i o n  
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Length r a t i o .
INTRODUCTION
I t  i s  w e l l  known t h a t  u n d e r  c e r t a i n  c o n d i t io n s  
dangerous  v i b r a t i o n s  in  tu r b in e  and com pressor b la d e s  can 
o c c u r  which may le a d  to  f a t i g u e  f a i l u r e .  In  o r d e r  to  avo id  
th e s e  f a i l u r e s  i n  s e r v i c e ,  i t  i s  n e c e s sa ry  to  be ab le  to  
p r e d i c t  th e  s a f e  l e v e l  o f  v i b r a t i o n  o f  th e  b la d in g ,  A l a r g e  
p r o p o r t io n  o f  f a t i g u e  f a i l u r e s  t h a t  have occu red  in  p r a c t i c e ,  
have been a t  th e  ro o t  f i l l e t ,  c o n s i s t e n t  w i th  v i b r a t i o n  o f  
th e  b la d e  in  i t s  fundam ental bending  mode. There a re  a l s o  a  
few c a s e s  o f  f a i l u r e  due to  v i b r a t i o n  in  th e  f i r s t  t o r s i o n a l  
mode, and th e  rem ainder a re  due to  v i b r a t i o n  i n  one o f  th e  
h ig h e r  modes. I t  has  been s t a t e d  by Armstrong, C row eroft and 
Hunt ( 2 ) t h a t  u s u a l l y  engine  f a i l u r e s  a re  co n f in e d  to  the  
lo w es t  fo u r  modes, t h a t  i s ,  th e  f i r s t  and second f l e x u r a l  
mode and f i r s t  t o r s i o n a l  and edgewise mode o f  v i b r a t i o n .
A t h e o r e t i c a l  s tudy  o f  the  v i b r a t i o n a l  c h a r a c t e r i s t i c s  
o f  th e  b la d in g  and th e  a b i l i t y  to  determ ine  a c c u r a te ly  the  
f i r s t  f i v e  n a t u r a l  f r e q u e n c ie s  o f  th e  b la d e s  may a s s i s t  a  
t u r b i n e  d e s ig n e r  in  choosing  p r o p o r t io n s  and m a te r i a l  f o r  the  
b l a d e s ,  such t h a t  th e  p o s s i b i l i t y  o f  resonance  and f a t i g u e  
f a i l u r e  i s  reduced . In  most t h e o r e t i c a l  s tu d ie s  o f  b la d e  
v i b r a t i o n  the  b la d e s  a re  u s u a l l y  c o n s id e re d  as c a n t i l e v e r  beams.
Turbine  b la d e s  a re  o f t e n  tw i s t e d  so t h a t  th e  steam 
o r  gas  flow may be improved and the  f l u i d  energy b e t t e r  
u t i l i z e d .  The an g le  o f  t w i s t  o f  b lade  t i p  r e l a t i v e  to  the  
b la d e  ro o t  seldom exceeds 30 d e g re e s .  However, to  g iv e  a 
b e t t e r  u n d e rs ta n d in g  o f th e  e f f e c t  o f  p r e - t w i s t  i n  th e  p re s e n t  
work, th e  i n v e s t i g a t i o n  i s  concerned  w i th  b la d e s  o f  tw i s t e d  
a n g le s  up to  90 d e g re e s .  The d e te rm in a t io n  o f  n a t u r a l
f r e q u e n c i e s  o f  tw i s t e d  c a n t i l e v e r  beams has  re c e iv e d  in c r e a s in g  
i n t e r e s t  in  the  p a s t  few y e a r s  due to  th e  d i r e c t  a p p l i c a t i o n  
to  tu r b in e  and com pressor b la d e s ,  as w e l l  as  a i r c r a f t  p r o p e l l e r s  
A number o f  methods o f  v i b r a t i o n a l  a n a ly s i s  have been p re s e n te d  
n e g l e c t i n g  s h e a r  de fo rm ation  and r o t a r y  i n e r t i a  e f f e c t s .  Howeve 
f o r  s h o r t  stubty beams th e se  e f f e c t s  a re  n o t n e g l ig ib l e  and f o r  
an a c c u ra te  assessm ent o f  th e  n a t u r a l  f r e q u e n c ie s  and mode 
shapes  o f  v i b r a t i o n  th e se  e f f e c t s  should  be in c lu d e d .
The o b je c t  o f  th e  p re s e n t  work i s  to  s tu d y  the  
v i b r a t i o n  c h a r a c t e r i s t i c s  o f  n o n - r o t a t i n g  p r e - tw i s t e d  uniform  
r e c t a n g u l a r  c r o s s - s e c t i o n  beams o f  v a r io u s  l e n g th s ,  a l lo w in g  
f o r  s h e a r  d e fo rm a tio n  and r o t a r y  i n e r t i a ,  and in  p a r t i c u l a r  to  
so lv e  the  d i f f e r e n t i a l  e q u a t io n s  o f  m otion o f  the  beam and to  
compare the  t h e o r e t i c a l  n a t u r a l  f r e q u e n c ie s  and mode shapes 
o f  v i b r a t i o n  to  e x p e r im e n ta l ly  de term ined  r e s u l t s .
The t h e o r e t i c a l  frequency  r a t i o  p /py  an( -^ m0(^ -e
sh ap es  o f  v i b r a t i o n  a l lo w in g  f o r  sh e a r  and r o ta r y  i n e r t i a  a re  
o b ta in e d  f o r  un iform  p r e - tw i s t e d  b la d e s  o f  v a r io u s  l e n g th s  and 
c r o s s - s e c t i o n .  The le n g th s  o f  th e  b lade  c o n s id e re d  a re  3 in ch es  
6 in c h e s ,  12 in c h es  and 20 in c h es  w ith  b /^  r a t i o s  8 s i ,  4*1 and 
2 si and p r e - tw i s t e d  an g les  in  th e  range 0 to  90 d e g re e s .
T h e o r e t i c a l  n a t u r a l  f requency  ra d io  r e s u l t s  a re  a lso  
o b ta in e d  f o r  s i x  in ch  lo n g , 8 s i ,  4 S1 and 2 s i b / ^  r a t i o  beam 
f o r  v a lu e s  o f  shea,r s t r e s s  d i s t r i b u t i o n  f a c t o r  MK" ran g in g  from
1.05  1*5*
The beams used  in  th e  experim ent are  o f  drawn 
m ild  s t e e l  and th e  m a te r i a l  was a l l  ta k en  from th e  same s to c k .
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A ctu a l  tu rb in e  and. com pressor b la d in g  i s  o f  a e r o f o i l  
c r o s s - s e c t i o n  and ta p e r e d  a lo n g  th e  length.,. A ccura te  d e t e r ­
m in a t i o n 'o f  n a t u r a l  f r e q u e n c ie s  and mode shapes o f  v i b r a t i o n  o f  
su ch  b la d e s  i s  s t i l l  n o t  p o s s ib le  bu t f o r  s im p le r  i d e a l  beams 
such  as long  p r e - tw i s t e d  r e c t a n g u la r  c r o s s - s e c t i o n  beams, 
n a t u r a l  f r e q u e n c ie s  and mode shapes  o f  v i b r a t i o n ,  n e g l e c t i n g  
s h e a r  and r o ta r y  i n e r t i a ,  can be de term ined  w ith  c o n f id e n c e .  ( l ) . .  
When r e c t a n g u la r  c r o s s - s e c t i o n  beams a re  tw i s t e d  and 
s u b je c t e d - to  v i b r a t i o n ,  ■ th e  m otion c o n s i s t s  o f  d isp lacem en t i n  
two p e r p e n d ic u la r  d i r e c t i o n s  and t h i s  type  o f  m otion i s  u s u a l ly  
r e f e r r e d  to  as  coupled  b en d ing -bend ing  v i b r a t i o n .
The e a r l i e s t  work on the  v i b r a t i o n  o f  tw i s t e d  beams 
in v o lv e d  p r o p e l l e r  b la d e s  and the  g e n e ra l  p r a c t i c e  was to 
n e g l e c t  the  e f f e c t  o f  tw is t*  L a te r  i n v e s t i g a t i o n s  in c lu d e  the  
e f f e c t  o f  t w i s t  by a p p ly in g  th e  methods o f  s t a t i c  in f lu e n c e  
c o - e f f i c i e n t  ( 3 ) ,  (4)* An e x te n s iv e  s tu d y  o f  the  v i b r a t i o n  
c h a r a c t e r i s t i c s  o f  p r e - tw i s t e d  beams o f  r e c t a n g u la r  c r o s s -  
s e c t i o n ,  n e g le c t in g  sh e a r  and r o ta r y  i n e r t i a  e f f e c t s  has  been 
done o v e r  the  p a s t  few y e a r s .
Diprima and Handleman (5) o b ta in e d  the  e q u a t io n s  o f  - 
m otion  and so lv ed  them by making use o f  th e  R ay le ig h -R i tz  
p r i n c i p l e .  The fundam ental f requency  i s  th e reb y  e a s i l y  
o b ta in e d ,  b u t  f o r  11 f a i r l y  h ig h ” overtone  f r e q u e n c ie s ,  th e  work 
would become f a r  too  l a b o r io u s .
They c o n s id e re d  p r o - tw ic tc d  bcaroa o f  v a r io u s  "width 
to  th ic k n e s s  r a t i o s  w ith  p r e - t w i s t  a n g le s  up to  29 d e g re e s .
Ho ex p e r im en ta l  c o n f i rm a t io n  o f  th e  r e s u l t s  was p r e s e n te d .
T ro esch ,  A n l ik e r  and Z e ig l e r  ( 6 ) a lso  o b ta in e d
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th e  e q u a t io n s  o f  motion and f o r  an i n f i n i t e l y  t h i n  o r o s s -  
s e c t i o n  b la d e s  the  frequency  e q u a t io n  i s  g iven  i n  th e  form o f  
a,n e i g h t - b y - e ig h t  d e te rm in a n t .  S o lu t io n s  o f  th e  d e te r m in a n ta l  
e q u a t io n s  were o b ta in e d  by i n t e r p o l a t i o n  on a sequence c o n t r o l l e d  
com puter . The assum ption was made, however, t h a t  one o f  the  
p r i n c i p a l  moments o f  a re a  was i n f i n i t e .  Ho e x p e r im en ta l  
c o n f i rm a t io n  o f  th e  r e s u l t s  was p re s e n te d .  L a te r  on A n l ik e r  
and T roesch  (7) o b ta in e d  th e  low est fo u r  e ig e n v a lu e s  o f  p r e -  
tw i s t e d  rods  o f  uniform  c r o s s - s e c t i o n  and p r e - t w i s t  f o r  e ig h t  
d i f f e r e n t  s e t s  o f  end c o n d i t io n .  Modes shapes were no t 
IDresented, n o r  were th e  r e s u l t s  compared to  ex p e r im en ta l  work.
The d i f f e r e n t i a l  e q u a t io n s  f o r  p r e - tw i s t e d  beams were 
d e r iv e d  by Houbolt and Brook (8 ) and in c lu d e  r o t a r y  i n e r t i a  and 
c e n t r i f u g a l  e f f e c t s  as  w e l l  as  combined bending  in  two p la n e s  
and t o r s i o n a l  e f f e c t s .  A s o lu t i o n  by a R i tz  approach  was 
i n d i c a t e d  bu t  was n o t  worked o u t .
The e x p e r im en ta l  n a t u r a l  f r e q u e n c ie s  o f  beams o f  
v a r io u s  w id th  to  th ic k n e s s  r a t i o s  from 2?1 to  2 0 si w i th  p r e ­
t w i s t  ang le  up to  45 deg rees  was de te rm ined  by G eiger ( 9 ) .  
However, mode shapes were n o t  de term ined  e x p e r im e n ta l ly .
Mendaison and-G endler  (1 0 ) ,  u sed  the  concep t o f  
s t a t i o n  f u n c t io n s  to  o b ta in  a co n tinuous  lo a d in g  f u n c t io n  f o r  
th e  beam in  term s o f  the  d isp lacem en ts  a t  a f i n i t e  number o f  
s t a t i o n s  a long  i t s  le n g th  from which a f requency  e q u a t io n  can 
be deduced. They de te rm ined  th e  f i r s t  th r e e  n a t u r a l  f r e q u e n c ie s  
o f  a r e c t a n g u la r  beam o f  w id th  to  th ic k n e s s  r a t i o s  12 s i and 
p r e - t w i s t  an g les  from 0 to  60 d e g re e s .  E x perim en ta l r e s u l t s  
were compared w ith  t h e o r e t i c a l  r e s u l t s  f o r  the  f i r s t  two 
j..l a tUji a.v 4- X v q.u^ -*ne po s j .i-iocL’j :phapos .o i  /pbpaoiLon w  ^po .no u
p r e s e n te d .  Houbolt and Brooks (8 ) p o in te d  o u t t h a t  th e  
a n a l y s i s  was i n c o r r e c t  s in c e  th e  e x p re s s io n s  f o r  th e  moments 
were i n v a l i d  f o r  f i n i t e  r a t e s  o f  p r e - t w i s t .
M yklestads  ( l l )  method o f  s o l u t i o n  has been used  
by many i n v e s t i g a t o r s ,  i n  which v a r io u s  t r i a l  f r e q u e n c ie s  a re  
t e s t e d  u n t i l  th e  d e r iv e d  i n e r t i a  lo a d in g s  s a t i s f y  th e  end 
c o n d i t io n s  o f  the  beam.
Rosard (12) used  M yklestads method to  de te rm ine  th e  
b en d in g -b en d in g  inodes o f  tw i s t e d  ta p e r e d  beams. He de te rm in ed  
th e  e x p e r im en ta l  n a t u r a l  f r e q u e n c ie s  o f  p r e - tw i s t e d  beams up 
t o  40 d eg rees  p r e - t w i s t  and w id th  to  th ic k n e s s  r a t i o s  in  th e  
range  o f  4*1 to  1 2 ?1 . Ee p re s e n te d  the  t h e o r e t i c a l  r e s u l t s  
f o r  t h r e e  mode shapes  o f  v i b r a t i o n  o f  an 8 s i  b /^  r a t i o  beam o f  
40 d eg rees  ang le  o f  p r e - t w i s t .  Ho e x p e r im en ta l  mode shapes 
were d e te rm ined .
S ly p e r  (13) used  th e  S to d o la  method to  de term ine  
th e  f r e q u e n c ie s  and modes o f  v i b r a t i o n  f o r  p r e - t w i s t e d  c a n t i ­
l e v e r  beams o f  uniform  c r o s s - s e c t i o n .  I n  some c a s e s  h i s  
t h e o r e t i c a l  r e s u l t s  d i f f e r e d  by 6 . 5$  from e x p e r im en ta l  r e s u l t s .
The d isad v an tag e  o f  th e  S to d o la  method i s  t h a t  f o r  
com puta tion  o f h ig h e r  modes i t  i s  n e c e s sa ry  to  e l im in a te  th e  
modes low er th a n  th e  one r e q u i r e d .  T h is  d e c re a se s  th e  accu racy  
o f  th e  h ig h e r  modes and a lso  in c r e a s e s  th e  computing t im e .
The above method was a lso  a p p l ie d  by E oubo lt  and 
A nderson (14) to  o b ta in  th e  f r e q u e n c ie s  and modes o f  v i b r a t i o n  
o f  a  non-uniform  beam in  simple bonding and in  t o r s i o n .
White (15) d e r iv e d  th e  c o n d i t io n  o f  o r th o g o n a l i ty  
f o r  non-un ifo rm  p r e - tw i s t e d  beams in  b en d ing -bend ing  v i b r a t i o n  
by th e  use o f  G reenf s fu n c t io n  b u t n e g le c te d  s h e a r  and r o t a r y  
i n e r t i a  e f f e c t s .
Dawson a) developed  a method he c a l l e d  th e  
T ran s fo rm a tio n  method, which he used to  oolvv the  e q u a t io n  o f  
m otion  o f  r e c t a n g u la r  p r e - tw i s t e d  beams n e g le c t in g  s h e a r  and 
r o t a r y  i n e r t i a  and he compared the  t h e o r e t i c a l  r e s u l t s  w ith  
e x p e r im en ta l  r e s u l t s .  He a lso  used  th e  R ay le ig h -R itz  method 
to  so lv e  e q u a t io n s  o f  m otion , a l lo w in g  f o r  s h e a r  and r o t a r y  
i n e r t i a ,  f o r  s i x  in ch  long  beam o f  b /^  r a t i o  4?1 and 8 s i .  He 
d id  n o t ,  however, a t tem p t a comprehensive a n a ly s i s  to  show the  
e f f e c t  o f  sh e a r  and r o ta r y  i n e r t i a  o v e r  a l a r g e  range o f  beams.
In  the  p a s t  i t  has been the  u s u a l  e n g in e e r in g  p r a c t i c e ,  
i n  th e  c a l c u l a t i o n  o f  n a t u r a l  f r e q u e n c ie s  o f  the  l a t e r a l  v i b r a t i o n  
o f  beams, to  n e g le c t  th e  e f f e c t s  o f  s h e a r  d e f l e c t i o n  and r o t a r y  
i n e r t i a .  The p r a c t i c e  can be j u s t i f i e d  f o r  s l e n d e r  beams, a t  
l e a s t  f o r  th e  low er modes :>f v i b r a t i o n ,  s in ce  i t  i s  w e l l  known 
t h a t  in  such c a s e s  the  e f f e c t s  a re  sm a l l .
H e re to fo re ,  t h i s  s i m p l i f i e d  approach has  been 
u n i v e r s a l l y  employed in  th e  s tudy  o f  the  v i b r a t i o n  c h a r a c t e r i s t i c s  
o f  a i r c r a f t  and a i r c r a f t  components such as  w ings, f u s e la g e s  and 
p r o p e l l e r s .  However, s in c e  i n  r e c e n t  y e a r s  i t  ha3 become 
n e c e s s a r y  to  d is c u s s  h ig h e r  o rd e r s  o f  v i b r a t i o n ,  and a lso  in  
view  o f  the  c h a rg in g  t r e n d s  o f  d e s ig n ,  p a r t i c u l a r l y  th e  i n t r o ­
d u c t io n  o f  th e  s t r e s s e d  sk in  c o n s t r u c t io n  t r e n d s  i n  m e ta l ,  and 
th e  a sp e c t  r a t i o s  a s s o c ia te d  w i th  h ig h  speed  f l i g h t  -  an 
i n v e s t i g a t i o n  in to  the  secondary  e f f e c t s  o f  s h e a r  de fo rm a tio n  
and r o t a r y  i n e r t i a  i s  d e s i r a b l e .
"When c o n s id e r in g  s h o r t  s t i f f  beams hav in g  f o r  
exam ple, a le n g th  to  th ic k n e s s  r a t i o  o f  l e s s  th an  I s 5, the  
e f f e c t s  o f  s h e a r  and r o ta r y  i n e r t i a  become n o t i c e a b l e .  The 
e f f e c t s  a re  more s i g n i f i c a n t  f o r  h ig h e r  modes where th e  beam 
i s  su b d iv id ed  by modal l i n o s  in to  e f f e c t i v e l y  a  s e r i e s  o f
s h o r t  beams, and f o r  box s e c t io n s  where th e  r a t i o  o f  bending  
s t i f f n e s s  El to  s h e a r  s t i f f n e s s  AG/K i s  h ig h e r  th a n  f o r  a s o l i d  
s e c t i o n  o f  s i m i l a r  w eight p e r  u n i t  l e n g th .
P rev io u s  work has  been done on the  e f f e c t  o f  s h e a r  
d e fo rm a tio n  and r o t a r y  i n e r t i a  on s t r a i g h t  beams, b u t  to  the  
a u t h o r ’s knowledge no d e t a i l e d  i n v e s t i g a t i o n  has  been done on 
th e  e f f e c t  o f  s h e a r  and r o t a r y  i n e r t i a  on p r e - t w i s t e d  be sms.
Lord R ay le igh  (4 ) was the  f i r s t  to  r e a l i s e  t h a t  in  
a d d i t i o n  to  th e  t r a n s l a t i o n a l  lo a d in g  th e r e  i s  a  bend ing  moment 
due to  r o t a t i o n  o f  the  s e c t io n  o f  a beam and the  e f f e c t  i s  
commonly known as R otary  I n e r t i a .
Timoshanko (17? 18) was the  f i r s t  a u th o r  to  show t h a t  
a more a c c u ra te  d i f f e r e n t i a l  e q u a t io n  o f  motion co u ld  be o b ta in e d  
by in c lu d in g  th e  e f f e c t  o f  s h e a r  d e f l e c t i o n  and r o t a r y  i n e r t i a ,  
and th e  e q u a t io n  o f  motion a l lo w in g  f o r  th e se  e f f e c t s  a re  
r e f e r r e d  to  as  T im oshanko 's  beam e q u a t io n .  The e x a c t  e q u a t io n  
due to  Chroe (3 ) have been d e r iv e d  from th e  g e n e ra l  e q u a t io n  o f  
th e  th e o ry  o f  e l a s t i c i t y ,  and the  r e s u l t i n g  frequency  e q u a t io n  
f o r  f l e x u r a l  v i b r a t i o n s  i s  d is c u s s e d  by B an c ro f t  (19) and the  
n e c e s s a ry  com puta tions  a re  c a r r i e d  ou t by Hudson (2 0 ) .  The 
Timoshanko beam e q u a t io n  has  been  so lv ed  by D engler and Goland 
( 2 l )  and M iklow itz  (22) who o b ta in e d  a L aplace t ra n s fo rm  
s o l u t i o n s  f o r  the  f l e x u r a l  response  o f  c e r t a i n  beams to  t r a n s i e n t  
l o a d in g s .
R.A.Anderson (24) p re s e n te d  a g e n e ra l  s e r i e s  s o lu t i o n  
f o r  a uniform  p in -en d ed  beam and compared the  B e r n o u l l i - E n le r  
and the  Timoshenko s o lu t i o n  f o r  the  f l e x u r a l  re sponse  to  
t r a n s i e n t  c o n c e n t ra te d  fo rc e  a t  the  mid p o in t  o f  th e  beam.
He mentioned t h a t  two s e t s  o f  f r e q u e n c ie s  e x i s t ,  one approaches 
a s y m p to t ic a l ly  th e  B e r n o u l l i - E n le r  f r e q u e n c ie s  f o r  th e  lower
modes i n  s le n d e r  beams, th e  s e c o n d  one, th e  pure  s h e a r  v i b r a t i o n  
f o r  th e  h ig h e r  modes in  t h i c k  beams.
Dolph (25) and T r a i l l  Hash and C o l l a r  (26) a lso  
su g g e s te d  th e  e x i s t e n c e  o f  th e  two f r e q u e n c i e s .  They igentioned 
t h a t  th e  h ig h e r  s o t  o f  f r e q u e n c ie s  may be in  th e  n a tu re  o f  
reso n an ce  due to  i n t e r a c t i o n  between th e  s h e a r in g  f o r c e s  and 
r o t a r y  i n e r t i a  f o r c e s .
Hurang (27) used  th e  R i tz  and G a le rk in  method to  
p r e s e n t  r e s u l t s  f o r  a  h inged—hinged  beam. C o n t r ib u t io n s  to  th e  
work on the  s u b je c t  has  a l s o  been made by Kruzewski (2.8),
D avies ( 29) ,  W illiam s (3 0 ) ,  Jaco b sen  (31) and an e x te n s io n  to  
un ifo rm  c a n t i l e v e r  beams in  e l a s t i c  su p p o r ts  has been  made by 
Terezawa and Matsuuva (3 2 ) .
The purpose o f  th e  p re s e n t  work i s  to  s tu d y  th e  
v i b r a t i o n a l  c h a r a c t e r i s t i c s  o f  n o n - r o t a t i n g  p r e - tw i s t e d  
r e c t a n g u l a r  c r o s s - s e c t i o n  beams a l lo w in g  f o r  sh e a r  and r o t a r y  
i n e r t ! ? ,  e f f e c t s .  Beams o f  vc.rious l e n g th s  .and b /^  r a t i o s  w ith  
p r o - t w i s t  angle  in  the  range o f  0 to  90 d eg rees  a re  c o n s id e re d .  
The conf ig u r a t i o n  o f  the  tw is t e d  beams i s  shown in  F ig .  1.
The equ.ations o f  m otion o f  a bea.m a l lo w in g  f o r  s h e a r  
d e fo rm a tio n  and r o t a r y  i n e r t i a  have boon d e r iv e d  i n  Appendix (3)» 
These d i f f e r e n t i a l  e q u a t io n s  o f  motion have been t ra n s fo rm ed  
i n t o  a s e t  o f  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t io n s  and a re  so lv ed  
by Runga-Kutta s t e p  by s te p  method. T h is  method i s  r e f e r r e d  'bo 
throughoux th e  t h e s i s  as th e  t r a n s f o r m a t io n  method.
The method can q u i t e  ee ,s i ly  be ex tended  tc  in c lu d e  
l i n e a r  t a p e r  o f  a  beam and a ls o  c e n t r i f u g a l  t e n s i l e  e f f e c t s .
T h e .accu racy  o f  t h i s  method does no t depend on th e  modes o f  
v i b r a t i o n ,  a s  long  as  the  c o r r e c t  s te p  le n g th  i s  chosen f o r  
th e  com puta tion .
The t r a n s f o r m a t io n  method i s  chosen in  p re fe re n c e  
t o  a  m a tr ix  f i n i t e  d i f f e r e n c e  method "because of i t s  known 
in h e r e n t  s t a b i l i t y  a s  a g a in s t  th e  unknown s t a b i l i t y  a s s o c ia te d  
w i th  la r g e  m a t r i c e s .  The in h e r e n t  d e l ic a c y  o f  the  com puta tions  
even  w ith o u t  th e  added c o m p lic a t io n  o f  sh e a r  end r o t a r y  i n e r t i a  
te rm s  i s  n o te d  by F e t t i s  (1 6 ) .  The accu racy  o f  th e  t r a n s fo rm a t io n  
method i s  n o t d i r e c t l y  dependent on th e  mode number which i s  an 
advan tage  ove r  th e  S to d o la  Method, and i t  i s  c o n s id e re d  s u p e r io r  
to  th e  Myklestead method s in ce  i t  so lv e s  d i r e c t l y  th e  e q u a t io n  o f  
m otion  w ith o u t  lumping p a ra m e te rs .
The n a t u r a l  f r e q u e n c ie s  end mode shapes o f  v i b r a t i o n  
up to  f i f t h  mo^e, a re  c a l c u l a t e d  by th e  t r a n s fo rm a t io n  method 
f o r  beams o f  v a r io u s  w id th  to  th ic k n e s s  r a t i o s  and le n g th s  end 
a n g le s  o f  p r e - t w i s t  from zero up to  90 d eg re e s .  The th e o r e t i c a l ,  
r e s u l t s  a re  compared w ith  th e  r e s u l t s  o b ta in e d  by experim ent on 
s e t s  o f  p r e - tw i s t e d  beams o f  co rre sp o n d in g  w id th  to  th ic k n e s s  
r a t i o s ,  le n g th s  and p r e - t w i s t  a n g le s .  The e q u a t io n s  o f  motion 
a r e  d e r iv e d  on the  assum ption  t h a t  the  d e f l e c t i o n  o f  th e  beam 
i s  due to  b o th  f l e x u r e  and to  s h e a r  defo rm ation  and t h a t  the  
i n e r t i a  fo r c e s  a re  due to  b o th  the  t r a n s v e r s e  ond r o t a t i o n a l  
a c c e l e r a t i o n  o f  each elem ent of th e  beam.
The w id th  to  th ic k n e s s  r a t i o s  o f  th e  beams were 8 s i ,
4 ?1 and 2 s i  and th e  le n g th s  v a r i e d  from 3 in ch es  to  20 in c h e s .
An s t a t e d  p re v io u s ly ,  f o r  beams which a re  t h i c k  
compared w ith  th e  w aveleng th , sh e a r  d c f lo c v io n  and r o t a r y  i n e r b i a  
must be tak en  in to  acco u n t.  Normally th e se  e f f e c t s  a re  accoun ted  
f o r  by th e  a p p l i c a t i o n  o f  c o r r e c t i o n s  a c c o rd in g  to  th e  simple 
Timoshenko beam th e o ry  r a t h e r  th a n  by th e  e x ac t  e q u a t io n s  due to  
Chree (3)» In  th e  Timoshenko fo rm u la t io n  an e m p i r ic a l  c o n s ta n t  
a p p ea rs  v i z ,  the  Shear D e f le c t io n  C o - e f f i c i o n t  o r  s h e a r
d i s t r i b u t i o n  f a c t o r ,  no rm ally  deno ted  by "K", which accoun ts  f o r  
th e  non-uniform  d i s t r i b u t i o n  o f  s h e a r  s t r e s s e s  o v e r  the  c r o s s -  
s e c t i o n .  Timoshenko (17? l8 )»  d e f in e d  t h i s  c o - e f f i c i e n t  as  the  
r a t i o  o f  th e  average  s h e a r  s t r e s s  on a s e c t io n  to  th e  p ro d u c t  o f  
th e  s h e a r  modulus and th e  ang le  o f  s h e a r  a t  the  n e u t r a l  a x i s .  T h is  
r a t i o  depends upon the  d i s t r i b u t i o n  o f  s h e a r  s t r e s s  on th e  s e c t i o n  
and hence nKn depends upon th e  shape o f  th e  .sec tion . A va lu e  o f  
"IC" eq u a l  to  1*5 was d e r iv e d  by Timoshenko (17, 18) f o r  a 
r e c t a n g u l a r  s e c t io n  assuming t h a t  p l a i n  s e c t io n s  rem ain p l a i n  
a f t e r  d e f l e c t i o n  and t h a t  tho  d i s t r i b u t i o n  o f  the  s h e a r in g  s t r e s s  
i s  un iform  a c ro s s  the  w id th  o f  the  b la d e .  He l a t e r  used  a v a lu e  
o f  nKl! = 1 .125 to  b r in g  h i s  r e s u l t s  in to  c l o s e r  agreement w ith  th e  
th r e e  d im ensional th e o ry  f o r  a sm all v i b r a t i o n s  o f  e l a s t i c  b o d ie s .
I t  has been shown by o th e r  w orkers  (3 5 ) ,  (3 6 ) ,  (37) and 
( 3 8 ) ,  i n  t h i s  f i e l d  t h a t  MKM va lu e  changes w ith  the  mode shape .
F o r  example f o r  low modes o f  v i b r a t i o n  o f  a s l e n d e r  beam, tho 
s h e a r  s t r e s s  has a maximum o f  the  n e u t r a l  a x i s ,  w h ile  f o r  v e ry  h ig h  
modes th e  sh e a r  s t r e s s  has a minimum a t  th e  same p la c e .  Thus, 
nK" depends b o th  on the  shape o f  the  s e c t i o n  ?,nd tho  frequency  
o f  v i b r a t i o n ,  and i s  a d im en s io n le s s  q u a n t i ty  which i s  in t ro d u c e d  
to  account f o r  tho f a c t  t h a t  th e  s h e a r  s t r e s s  and s h e a r  s t r a i n  
a r e  r x t  u n ifo rm ly  d i s t r i b u t e d  over th e  c r o s s - s e c t i o n .
Mir.dlyn and Goodman (37) c a l c u l a t e d  a "K" v a lu e  which 
was b ased  on the  h ig h -f re q u en c y  v i b r a t i o n  modes, w h ile  th o se  o f  
Roark were d e r iv e d  by c o n s id e r in g  only th e  s t a t i c  d e f l e c t i o n .  
Goodman ( 52) chose MKM so t h a t  th e  frequency  e q u a t io n  o b ta in e d  
from the  Timoshenko e q u a t io n s  i s  c o r r e c t  in  the  l i m i t  o f  zero 
w av e len g th .  M ind lin  (37) chose UK" so t h a t  th e  f requency  o f  th e  
f i r s t  t h i c k n e s s - s h o a r  mode a.groes w ith  th e  frequency  g iv e n  by 
th e  th re e -d im e n s io n a l  e q u a t io n s  f o r  sm all e l a s t i c  v i b r a t i o n s .
Ro a r k ' s  v a lu e s  a re  based  on th e  work o f  Hewlin and P ra y e r  (36) 
who c a l c u l a t e d nKn f o r  s t a t i c  d e f l e c t i o n  o f  a sim ple beam by 
means o f  e lem en ta ry  s t r a i n - o n o rgy m ethods. R ecen tly  Cowper (38) 
d e r iv e d  an e q u a t io n  f o r  th e  MICn f a c t o r  which i s  n o t  dependent 
on a sp e c t  r a t i o  b u t  i s  dependent on P o isso n s  r a t i o  v a lu e .  'The 
fo rm u la  i s  g iven  bys
10 ( 1 + m) ^ .K * ■■■■■ )- - ■------<" where m = P o i s s o n 's  r a t i o12 + 11m
Thu3 i f  P o i s s o n 's  r a t i o  i s  c o n s id e re d  to  be zero th en  th e  "KM
v a lu e  i s  1 .2 ,  b u t  i f  the  P o i s s o n 's  r a t i o  i s  c o n s id e re d  as  0 .3
th e n  "K" va lu e  i s  approxim ate^ 1 .1176.
The "K" va lue  o f  1 .5  i s  the  one o b ta in e d  by 
Timoshenko f o r  a r e c t a n g u la r  s e c t io n  assuming t h a t  p lan e  s e c t io n s  
rem ain p la n e ,  t h a t  th e  d i s t r i b u t i o n  o f  th e  s h e a r in g  s t r e s s  i s  
un iform  a c ro ss  the  w id th  o f  th e  b lad e  and t h a t  th e  th ic k n e s s  
o f  th e  s e c t io n  i s  g r e a t e r  th a n  the  w id th .
Jacobson  ( 3 l )  d e r iv e d  an e x p re s s io n  f o r  nK", g iven  by 
th e  fo l lo w in g  r e l a t i o n s h i p s
\ -rr- _ 2_ -  3m -  3__  where _1 * P o i s s o n 's  r a t i o
3 10(m+l) , 4 Cm+1) m
The second term  in  th e  e q u a t io n  i s  a c o r r e c t i o n  due to  
l o n g i t u d i n a l  s + re s s e s  and th e  f i n a l  term f o r  lo / te ra l  d e fo rm a tio n .  
U sing  t h i s  fo rm ula  R iss iono  and W illiam (34) o b ta in e d  a "KM 
v a lu e  as 1 . 05 ,
In  t h i s  work th e  f r e q u e n c ie s  and rode shape of 
v i b r a t i o n  up to  the  f i f t h  mode of v i b r a t i o n  have been obt.a,:u.d 
f o r  "K" v a lu e s  1 . 0 5 , 1*2 and 1 .5  which co v e rs  th e  range o f  "IiM 
v a lu e s  p re s e n te d  by o th e r  w r i t e r s .  R e s u l t s  were o b ta in e d  f o r  
beams o f  b /^  r a t i o  2 s i ,  4 si and 8 s i  and le n g th  s i x  in ch es  and 
o f  p r e - t w i s t  a n g le s  in  th e  range  o f  0 to  90 d eg re e s .
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3 • 1 T ran s fo rm a tio n  Method o f  S o lu t io n  o f  th e
D if fe re n t ic a l  E q u a tio n  o f  M otion .
The dynamic d i f f e r e n t i a l  e q u a t io n s  o f  m otion a l lo w in g  
f o r  th e  e f f e c t s  o f  s h e a r  d e fo rm a tio n  and r o t a r y  i n e r t i a  o f  a 
p r e - tw i s t e d  v i b r a t i n g  beam, a re  d e r iv e d  in  Appendix ( 3 ) .  These 
e q u a t io n s  can be so lv ed  to  y i e l d  the  fundam ental and overtone  
n a t u r a l  f r e q u e n c ie s  and mode shapes o f  v i b r a t i o n .
The e q u a t io n s  a re  tran s fo rm ed  in to  e ig h t  f i r s t  o rd e r  
l i n e a r  d i f f e r e n t i a l  e q u a t io n s  w ith  th e  h e lp  o f  sim ple  c a l c u l u s .  
These e q u a t io n s  a re  so lv ed  by th e  Runga-Kutta f i n i t e  d i f f e r e n c e  
s t e p - b y - s t e p  i n t e g r a t i o n  p ro c e ss  to  g ive  a s o t  o f  s o l u t i o n s .
The s o lu t i o n  by t h i s  method r e q u i r e s  a s e t  o f  i n i t i a l  boundary 
v a lu e s  a t  the  r o o t .
However, in  t h i s  p a r t i c u l a r  problem a l l  th e  boundary 
v a lu e s  a t  the  ro o t  a re  no t known. Thus s o lu t io n s  o f  th e  e q u a t io n s  
f o r  a r b i t r a r y  s e t s  o f  i n i t i a l  boundary v a lu e s  a re  f i r s t  o b ta in e d .  
The a c tu a l  s o lu t i o n  o f  th e  e q u a t io n  i s  a l i n e a r  com bina tion  o f  
th e s e  a r b i t r a r y  s o lu t io n s  s in c e  th e  o r i g i n a l  e q u a t io n s  a re  
l i n e a r .  By ap p ly in g  th e  known boundary v a lu e s  a t  th e  ro o t  o f  
th e  c a n t i l e v e r  beam, a s e t  o f  homogeneous e q u a t io n s  a re  o b ta in e d .
A d e te rm in an t  i s  o b ta in e d  from th e se  homogeneous e q u a t io n s  
and th e  v a n ish in g  o f  th e  d e te rm in an t  g iv e s  tho n a t u r a l  f r e q u e n c ie s  
o f  v i b r a t i o n  o f  any mode. Once the  n a t u r a l  f r e q u e n c ie s  are  
o b ta in e d  the  mode shapes can be de te rm ined  from a l i n e a r  
com bina tion  o f  th e  a r b i t r a r y  s o lu t io n s  a t  v a r io u s  i n t e r v a l s  
a lo n g  th e  beam.
The d i f f e r e n t i a l  e q u a t io n  o f  motion o f  a p r e -  
t w i s t e d  v i b r a t i n g  beam o f  sym m etrical c r o s s - s e c t i o n  in c lu d in g  
s h e a r  d e f l e c t i o n  and r o ta r y  i n e r t i a ,  as  shown in  Appendix (3) a re s
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and assuming "Kn to  be independent o f  Zs from e q u a t io n s  ( 5 ) s 
( 6) f  (8)9 (9)? ( l l ) » ( 12) ,  (13) ^.nd ( 14) th e  fo l lo w in g  fo u r  
s im ple  e q u a t io n s  a re  o b ta in e d !
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Y- = Yx  (16)
Y  = U 2  (17)
and q '  = V2  (18)
Using  e q u a t io n s  (5) to  ( 14) i n  o q u a t io n s  ( l ) ,  (2)?  (3) and (4)> 
f o u r  more complex e q u a t io n s  a re  o b ta in e d ,  v iz s
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The boundary c o n d i t io n s  a t  th e  ro o t  o f  a  c a n t i l e v e r  beam a re  as  
fo l lo w s  s
a t  Z = 0, x = y ^ ^ l B  = ^ 2 5  = 0
i . e .  X = Y = U 1 = V 1 = 0
(25)
The p r o p e r t i e s  o f  th e  c r o s s - s e c t i o n ,  as d e r iv e d  by C arneg ie  (53)
a re  g iven by th e  fo l lo w in g  r e l a t i o n s h i p s s -
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C o n s id e r in g  th e  an g le  o f  p r o - t w i s t  o /  to  v a iy  l i n e a r l y  a long  
th e  le n g th  o f  th e  b la d e ,  th en
Z ■jl2l
U sing  e q u a t io n  (28) in  e q u a t io n  (26) give;
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M u l t ip ly in g  e q u a t io n  (34) "by Ixx  and e q u a t io n  (35) by Ixy  and 
t>y m a n ip u la t io n  o f  th e se  e q u a t io n s ,  th e  fo l lo w in g  e x p re s s io n
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EI^  ( y yy ^  )
L ( l YY " h x )  jIxy ( Y2s in  2i i + U 2c o s ^ ? )
L  "T  ~L
+ I x x (U2s in  2 -  V2 cos 2 ^ )  $
T  “
+ AG j lx y  0 ^ - ^ )  -  Ixx  ( X ^ - U ^ *  Ixx  ip2 j l x y ^  -  IyylJ^ J
+ Ixy j 'p2 i lx y l l^ -  IxxV^
g
-  E*( (Ix x -Iy y ) (u2 Sin -  VgOOS^gJ
Ixy  L / 17™“ L (
-  AG ( X ^ )  -  I y y f p A 1 -  - j V 7 !
EKIxy IxyEg Eg
(37)
Eonce f i n a l l y  th e  fo l lo w in g  e ig h t  f i r s t  o r d e r  d i f f e r e n t i a l  
e q u a t io n s  a re  o b ta in ed ?
X* * X,
Y ' » Y„
V  " A
V  “ V2
X. ' -  U„ -  Kwp X1 2 -Tpt---iXjg
Y • = T .  -  K jgf Y
1 2 AGg
(38)
(39)
(40)
(41)
(42)
(43)
V  =
E ( ix x ly y  - Ix y  )
E ( I y y - Ix x )  llxy  (V„sin2otZ + 0?oos 2o(Z_ )
L L
+ Ixx  ( lA s in  ..AZ — V2 cos
L .
M  (Yi ”Vl )  ”  Ixx(X1-U1 ) |  + Ixx  f j ) 2 j l x y  T j -  1X7
K
+ ix v  ^  p2 ^ ix y  -  ix x  v x ■(44)
B
2 7 .
v  - -  iy y u 2 1
ix y
-  oC
Llxy
-  AO  (x, -U ) -  I x y fp V
123x7 E Ixy g
xx- i y y )
- & L L ,
Eg
s in  lot  2 Vg cos2 q^ '£
(45)
I t  i s  co n v en ien t  f o r  computing c o n s id e r a t io n s  to 
e x p re s s  th e  e q u a t io n s  ( 38 ) ,  (3 9 ) ,  ( 40 ) ,  (4 1 ) ,  (42 ) ,  (4 3 ) ,  (44 ) ,  
and (45) i n te rm s  o f  one v a r i a b l e  f u n c t io n ,  v iz  fy ' *  Hence 
l e t t i n g s
----------------  (4 6 )
 ----------------  (47 )
----------------  (48)
------------------ (49)
------------------ ( 50)
--------------------( 51 )
------------------ ( 52)
----------------  (53)
7 1 = X
y2 - t
y3 = h  
y4 = V1
y 5 = X1 
y6 “ T1 
y 7 = °2
y8 = V,
The e q u a t io n s  (3 8 ) ,  (3 9 ) ,  (4 0 ) ,  (4 1 ) ,  (4 2 ) ,  (4 3 ) ,  (4 4 ) ,  and 
(45 )  can be r e - w r i t t e n  as f o l lo w s ? -
y i ’ ■ f d y5> --------------- (54)
y2 ' -  f 2 (y6) --------------- (55)
y3' = f3(y?) -------------- - (56)
y4 ' “ f 4 (y8 }
---------------  (57)
y5' = fj(y1, y?) --------------- (58)
V  = f 6 (y2 9 ^ --------------- (59)
y^’ = f  ( z ,  j y  y 4? y 6 » y7, y8) ---------------  (60)
CO = ig  (z* y ^ ? *^49 ^5* ^  6 9 ^ 7 9 ^ -------------- (61)
The e q u a t io n s  f o r  bending  moments and sh e a r  fo r c e s ,
as d e r iv e d  in  appendix  ( 2 )  ares
Mx » e  iyy f lb ' + e ixy t 2b' ---------------(62)
My = E I x x + ^ b '  + S Ixy-i --------------- (63)
2a.
and s
IT. -  A 04»i 3  - A O  (x< - ^ l t )   (64)
2K K
j y  = a af>2s = a o  ( y i _ ^ 2 t )  ( 65)
2K K
The boundary c o n d i t io n s  f o r  c a n t i l e v e r  beams a re  as  f o l lo w s s -  
a t  Z = 0 ,  x = 0 , y = ° > ^ i b = 3 0
and a t  Z -  L, ' (*> Shear fo r c e  i s  z e ro ,
( i i ) B e n d in g  moment i s  z e ro .
Hence f o r  Z -  L, from ( 64) and ( 65) ,
Fx * AO ( x f -  ) = 0 o r  i '  *  (66)
Fy » AG (y ' 2b> = 0 o r  y ’ = 9 2b ---------------( 67)
K
From e q u a t io n s  (62) and ( 63) ,
B E = 0--------------------------------------- -----------------
E I x x ^ g h '  + E Ixy  * 0  — ( 69)
and from e q u a t io n  (68) and ( 69) i t  fo l lo w s  t h a t  1
4 V - . f z * '  = 0   {70)
Thus a t  Z -  L, th e  fo l lo w in g  boundary c o n d i t io n s  a re  a p p l ic a b le  s
* '  - ^ i b  "  °> i * 0 ' Xl  ~ ^ l l 3  “ 0  (71)
y' -  i>2t = 0, i .o , Tx - ^ 2„ -  0 i •  (72)
and . 4> lfe' = <^2| '  = 0   (73)
U sing  th e  e q u a t io n s  from (54) to  ( 6 l ) ,  th e  boundary c o n d i t io n s  
can  be e x p re s se d  in  t h e . fo l lo w in g  form s—.
a t  Z « 0 , y 1 = y 2 * y^ * y ^  * 0  (74)
a t  Z -  L, = y^ * 0  (75)
and y 5 -  y^ -  y g y^  -  0 — --------------(76)
To so lv e  th e  e ig h t  s im u ltaneous  e q u a t io n s  from (54) 
to  (61) th e  fo l lo w in g  p ro c e ss  i s  perform ed*-
(1 )  Assume a v a lu e  f o r  th e  frequency  p .
(2 )  The f o u r  known boundary c o n d i t io n s  a t  th e  ro o t  o f  a 
c a n t i l e v e r  beam a re  s e t  to  t h e i r  r e s p e c t iv e  v a lu e s  which a res
y l  = y2 = y3 = y4 “ 0  ---------------- (^7)
But t h e r e  a re  e ig h t  s im u ltan eo u s  e q u a t io n s  and to  so lv e  them,
e i g h t  "boundary v a lu e s  a re  r e q u i r e d .  Hence the  rem ain ing  fo u r  
"boundary c o n d i t io n s  a re  a s s ig n e d  a r b i t r a r y  v a lu e s ,  v iz s
y ^ -  i ,  yg ~ y«jr = y8 = o -  (78)
S t a r t i n g  from th e s e  boundary c o n d i t io n s  and u s in g  th e  Runge- 
K u t ta  s t e p  by s t e p  i n t e g r a t i o n  p rocedure  a s o t  o f  s o lu t io n s  
a r e  o b ta in e d  a t  th e  t i p  o f  th e  beam.
The r e s u l t i n g  s o lu t i o n s  a t  th e  t i p  may be ex p re ssed  
i n  th e  fo rm s-
y i?  1 (L) ~ ( i  — 1, 2 , . • .  • .  8 ) (79)
Where th e  second s u b s c r ip t  shows a s o t  o f  s o lu t io n s  u s in g  the  
f i r s t  s e t  o f  i n i t i a l  boundary v a lu e s .
The above p rocedure  i s  re p e a te d ,  keep ing  th e  fo u r  
known boundary v a lu e s ,  v i z ,  y ^ ,  y^ and y^ to  t h e i r  r e s p e c t iv e  
v a lu e s  b u t  chang ing  th e  unknown boundary v a lu e s ,  i . e .  s e t t i n g  
y ^  e q u a l  to  one, th e n  y^ = 1 and l a s t l y  y^ -  1 b u t keep ing  the  
r e s t  o f  them in  t u r n  eq u a l  to  z e ro .
Thus th e  unknown boundary c o n d i t io n s  a re  s e t  in  th e  
f o l lo w in g  manner f o r  th e  fo u r  s e t s  o f  s o lu t io n s ?  
y ^  = 0 , y 6= 1 , y? .« 0 , y Q * 0 ---- ------------(80)
y5 * 0 , y6 = 0 ,  y? « 1, y8 = 0 — ------------(81)
.  1  (82)y^ = 0 , y 6 = 0 ,  y^ * 0 , y8 
Thus f o u r  s e t s  o f  s o lu t io n s  a re  o b ta in e d .  However, the  
o r i g i n a l  e ig h t  e q u a t io n s  a re  l i n e a r  and th e  a c tu a l  f i n a l  
s o l u t i o n  f o r  th e s e  e ig h t  e q u a t io n s  w i l l  be a l i n e a r  com bination  
o f  th e  f o u r  s e t s  o f  s o l u t i o n .  Hences-
yl(z) = Vll(z) + '-2 y 12 (z )  + - 3y 13(z )  + x ;4 y 14(Z) -  (83)
y 2(z) “ ■'■.1y21( z) +^2y22 ^  3y23^Z^  + 4 y24^Z  ^~
y3(z) - * x y3x(z) + < 2 y32(z)+< 3 y33(z)+.< 4 yJ4(z) ------- (85)
y4 (z) = oq  y41(z) + < 2 y42( z )+!<3 y43(z) +/4 y44(z)   (86)
y5(z) =«<]_ y51(z) w 2y52 (z) +/3 y53(z) + s ^ ^ ( z )   (87)
y 6 (z) -  n  y6 l (z) +.V2 y62(z) + ^ 3 y 63(z) + x 4y 64(z) (88)
y^(z) -  y^4 (z) +> 2 y^2(z) +o(3 y?3(z) + <4 yy4 ( z ) ---------(39)
y8 (z) = y8 l (Z) + 2 yQ2(Z) + < 3 y83(z) + y 4 y84( z ) --------- (90 )
These e q u a t io n s  can be c o n v e n ie n t ly  e x p re ssed  in  the
forms
4
y i ^ Z) = j  ^  i j  wherG i *1 » 2<> 3 . - . . 8  — — (91)
3=1
The known boundary v a lu e s  f o r  a c a n t i l e v e r  b lade  a t  Z = L, from 
e q u a t io n  (75) and (76) a res  
y ^ D  -  o, where i  = 7 ? 8-------------------------- ------------- (92)
and y 4 -  y ^ . g )  . (l>) = 0 , where i  = 5 ,6 ---------------------------- ( 93)
and hence u s in g  e q u a t io n s  ( 92 ) and ( 93) s
U x y? 1 (L) +o( 2 y72^L  ^ + : 3 ^ 73 ^ )  +<^ 4  y 7 4 ^L) * 0  (54)
M  y8 l (L) + < 2  y8 2 (L) + < 3 y8 3 (L) + '4  y8 4 (L) = 0  (95)
x (y 5i ( L) - y 3 1 (L ))  + ' 2 (y 52(L) “ y3 2 (L^  3 ^ 5 3 “y33^L^
+< 4 ( y 54(L) -  y3 4 (L) ) -  0 ------------------(96)
ands ' 1 (y 6l (L) -  y ^ L ) )  + 2 (y62( l )  “ y 42 ^L  ^  ^ + * 3 ^ 53(L)~ y43 ( L) )
+ * 4 (y 64(L) "  y4 4 (L) ) = 0  ----------------- (97)
w hich can  be e x p re s se d  in  th e  fo rm s-
4
<  ' ^  . y . .(L ) * 0 , where i  = 7 98  (98)
^
3=1
and
- f  ^ ( y ^ L )  -  y( i _2)j (I*) = 0, where i  =5,6 ------------ (99)
d -i
I n  o r d e r  t h a t  th e  s o lu t i o n  o th e r  th an  zero e x i s t s ,  
t h e  d e te rm in a n t  o f  the  co—e f f i c i e n t s  o f  th e  homogeneous 
e q u a t io n s  (94) to  (97) must be equal to  zero# That i s s -
y7 1 f t )  y ? 2 (L) y ? 3 (L)
y8l (L > y 8 2 <L) y8 3 <L) y 84 ( L)
y 5 1 ^ “y3 1 ^  y 52(L )“y 3 2 (L) y 53^^*"y3 3 ^ ^  y 5 4 ^ ) " “y34 (k)
0
y6X(L )^ 4 1 (L) y 62(L )‘y 42 (L) y 63(L )^ 4 3 (L) y 64(L )“y 44( l i ) j
The v a lu e  o f  th e  d e te rm in a n t  i s  p l o t t e d  a g a in s t  th e  t r i a l
w i th  th e  f req u en cy  a x i s  f o r  which the  d e te rm in an t  v a lu e  i s  zero 
i s  a  n a t u r a l  f req u en cy  v a lu e  o f  th e  v i b r a t i n g  beam.
A f te r  s o lv in g  f o r  th e  n a t u r a l  f requency  the  d e f l e c t i o n  
c u rv e s  f o r  a  p a r t i c u l a r  mode o f  v i b r a t i o n  can be o b ta in e d  by 
s e t t i n g  snyo(^ eq u a l  to  u n i ty  in  e q u a t io n s  (94) to  (97) and 
s o lv in g  t h r e e  o f  th e  r e s u l t i n g  s im u ltaneous  e q u a t io n s  to  
g iv e  ol 2 , 0</ 3 , and ,
The d e f l e c t i o n  cu rv es  a re  o b ta in e d  by means o f  th e  
a p p r o p r i a t e  e q u a t io n s  c o n ta in e d  in  the  s e t  o f  e q u a t io n s  (91)* 
The t r a n s f o r m a t io n  method i s  p r e f e r r e d  to  a  m a tr ix  
f i n i t e  d i f f e r e n c e  method because  the  m a tr ix  method has  in h e re n t  
i n s t a b i l i t y ,  as  n o ted  by F e t t i s  (1 6 ) .  The adopted  method i s  
c o n s id e r e d  s u p e r io r  to  M yklestad  method because i t  so lv e s  
d i r e c t l y  th e  e q u a t io n s  o f  m otion w ith o u t  in v o lv in g  lumping 
p a ra m e te r s .
T h is  method i s  p r e f e r r e d  to  S to d o la  method, s in ce  in  
th e  S to d o la  method computing e r r o r  in c r e a s e s  w ith  mode number. 
T h i s  i s  because  modes o th e r  th a n  the  fundam ental r e q u i r e  the  
e l i m i n a t i o n  o f  low er modes p r i o r  to  th e  i n t e g r a t i o n  p ro c e s s .
The r e s i d u a l  o f  th e  low er modes in c r e a s e s  w ith  i n c r e a s in g  mode 
number. Thus th e  S to d o la  method w h i l s t  g iv in g  good r e s u l t s  f o r
v a lu e s  o f  f r e q u e n c i e s  and th e  p o in t  o f  i n t e r s e c t i o n  of th e  cu rv es
lo w er  modes o f  v i b r a t i o n ,  i s  n o t  e n t i r e l y  s a t i s f a c t o i y  f o r  h ig h e r  
modes, e s p e c i a l l y  when second o rd e r  e f f e c t s  a re  b e in g  in v e s t ig a te d *
O th e r  advan tages  o f  th e  t r a n s fo rm a t io n  method a re  2-
(1 )  The method does n o t  demand a l a rg e  computer s to ra g e  space .
(2 )  I t  so lv e s  th e  e q u a t io n s  o f  m o tio n .o f  the  system d i r e c t l y  and 
does n o t  in v o lv e  lumped p a ra m e te rs .
(3 )  I t s  accu racy  does n o t d i r e c t l y  depend on mode number.
The accu racy  o f  r e s u l t s  depends on the  s t e p  le n g th  used  
f o r  th e  i n t e g r a t i o n  procedure. By a t r i a l  and e r r o r  p rocedure  an 
optimum s to p  l e n g th  was o b ta in e d  which was 0 .02  o f  th e  a c tu a l  t o t a l  
l e n g t h  and t h i s  gave a s a t i s f a c t o r y  r e s u l t  up to  th e  f i f t h  mode o f  
v i b r a t i o n ,  f o r  a l l  a n g le s  o f  t w i s t .  T h is  t r i a l  and e r r o r  
p ro c e d u re  c o n s i s t e d  o f  ch oosing  a r e l a t i v e l y  la rg e  s te p  le n g th  
and o b ta in in g  r e s u l t s  f o r  th e  n a t u r a l  f r e q u e n c ie s  and mode shapes 
o f  v i b r a t i o n .  T h is  s te p  le n g th  w.as th e n  ha lved  and a second s e t  
o f  r e s u l t s  o b ta in e d .  T h is  h a lv in g  o f  s te p  le n g th  was co n tin u ed  
u n t i l  two c o n se c u t iv e  s t e p  le n g th s  gave the  same frequency  and mode 
shape r e s u l t s .  A s te p  le n g th  o f  0 .02 o f  the  a c tu a l  tot?JL le n g th  
was found to  be s a t i s f a c t o i y  f o r  a l l  th e  modes o f  v i b r a t i o n  up 
to  th e  f i f t h  mode. For t h i s  p a r t i c u l a r  s te p  le n g th  one frequency  
and c o rre sp o n d in g  mode shape to o k  approx im ate ly  3 to  4 m inutes 
on an E l l i o t t  503 com puter.
The method was found to  bo s t a b l e  f o r  a l l  the  
f r e q u e n c i e s  and mode shapes f o r  a l l  th e  b/ ^ r a t i o s  and le n g th  
c o n s id e re d  i n  t h i s  work and no com pu ta tiona l d i f f i c u l t i e s  
were e n co u n te re d .
3 .2  C om puta tional Technique
3 * 2 .1  S p e c i f i c a t i o n  o f  M athem atical P rocess
The method o f  s o l u t i o n  i s  to  reduce  th e  f o u r  second 
o r d e r  d i f f e r e n t i a l  e q u a t io n s  in to  e ig h t  f i r s t  o rd e r  s im u ltaneous  
d i f f e r e n t i a l  e q u a t io n s .  The e ig c n -v a lu e  i s  assumed and th e  
e q u a t io n  i n t e g r a t e d  over th e  b lad e  le n g th  by assuming a r b i t r a r y  
i n i t i a l  boundary c o n d i t io n s .  The i n i t i a l  e q u a t io n s ,  bo ing  
l i n e a r ,  a l low s th e  above s o lu t i o n s  to  be combined l i n e a r l y  to  
y i e l d  th e  known end c o n d i t io n s .  T h is  y i e l d s  a  d e te rm in an t  which 
i f  th e  assumed e ig e n -v a lu e  i s  .a t r u e  s o lu t io n  w i l l  be z e ro .  A 
p l o t  o f  d e te rm in a n t  v a lu e s  a g a in s t  assumed e ig o n -v a lu e s  y i e l d  
t h e  a c t u a l  e ig e n - v a lu e s  a t  th e  p o in t s  where the  curve c u ts  the  
a b s c i s s a l .  The d e te rm in an t  v a lu e s  a re  o b ta in e d  f o r  two t r i a l  
v a lu e s  o f  f requency  and from t h i s  in fo rm a t io n  a s t r a i g h t  l i n e  
e x t r a p o l a t i o n  p rocedure  perform ed u n t i l  two conseque tivo  
f re q u e n c y  v a lu e s ,  w i th in  -g- c . p . s .  o f  each  o th e r ,  a re  o b ta in e d .  
The d e te rm in a n t  v a lu e s  a t  each  f re q u e n c ie s  a re  a lso  p r i n t e d  out 
t o g e t h e r  w i th  th e  mode shapes a t  i n t e r v a l s  o f  L/lO a long  the  
beam l e n g th .
3 . 2 . 2  N um erical M ethods
The i n t e g r a t i o n  i s  perform ed by means o f  a s te p  by 
s t e p  f a c i l i t y  which employs th e  Runga-Kutta method. A l i b r a r y  
programme i s  a v a i l a b l e  as a p ro ced u re ,  f o r  t h i s  method. An 
optimum s te p  le n g th  i s  worked ou t by s u c c e s s iv e ly  h a lv in g  the  
s t e p  l e n g th ,  u n t i l  s o lu t io n  o f  th e  r e q u i r e d  accuracy  are  
o b ta in e d ,  as  e x p la in e d  p r e v io u s ly .
The d e te rm in a n t  i s  so lv ed  by a s ta n d a rd  l i b r a r y
programme.
The p l o t  o f  d e te rm in a n t  v a lu e  a g a in s t  th e  e ig en
34.
v a lu e  i s  a  curve  and th e  curve i s  e x t r a p o la t e d  by a s t r a i g h t  
l i n o  e x t r a p o l a t i o n  p rocedure  to  y i e l d  th e  r e q u i r e d  e ig en  v a lu e .
3 .2 .3  Programme
S ubjec t® — D e te rm in a t io n  o f  N a tu ra l  f r e q u e n c ie s  and mode shapes 
o f  p r e - t w i s t e d  sym m etrical b la d in g  o f  r e c ta n g u la r  
c r o s s - s e c t i o n .
Computer E l l i o t  503 /ALGOL
Autho r  IF. Ghosh S u p e rv iso r  B.Dawson
D ate A p r i l  1966
R e fe re n ce 12 002 002 841
The s t r u c t u r e  o f  programme i s  i n d ic a te d  be low s-
(BEGIU)
I
( D e c la r a t io n  o f  P aram eters)
i
(Read D ata)
(S equences  f o r  s o t t i n g  up d i f f e r e n t i a l  e q u a t io n s )
( D e c la ra t io n  o f  p rocedure  RK POUR)
( (R unga-K utta  I n t e g r a t i o n  p rocedure)
i
( D e c la r a t io n  o f  'prcfedure d e t )
( to  e v a lu a te  d e te rm in a n t)
I
Sequence f o r  s e t t i n g  up i n i t i a l  boundary c o n d i t io n s  by
d e c l a r i n g  p ro ced u re  f r e q .   r-go  to  RKFOUR — go to  d e t .
)
D e c la r a t io n  o f  p rocedure  SOLVE Q 
( to  so lv e  a s e t  o f  o rd in a ry  s im ultaneous  e q u a t io n s )
f(Go to  p ro c e d u re f r e q .  f o r  f i r s t  assumed e ig cn  va lue  p^)
I
( (d o  to  p ro ced u re  f r o a .  f o r  second assumed o igcn  v a lu e  P j)
Ai ( I n s t r u c t i o n  to  e x t r a p o la t e  l i n e a r l y  to  g e t  a now e ig cn  va lue  p^;
(IS}, p^ -  P g J^ O .C ^ )  (Replace p1 by p^ and go to  A)
YES
( S to re  th e  freq u en cy  and d e te rm in an t  elem ent f o r  th e  l a s t  two
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C H A P T E R  4 
EXPERIMENTAL WORK 
4*1 N ature  o f  E xperim en ts -
A l l  th e  b la d e s  used  in  the  ex p e r im en ta l  work were ta k en  
from th e  same s to c k  o f b a r s  and i t  was assumed t h a t  th e  v a lu e s  o f  
Modulus o f  R ig id i t y  and Young's Modulus would be c o n s ta n t  f o r  a l l  
t h e  beams. P re l im in a ry  exper im en ts  were perform ed to  o b ta in  th e  
Modulus o f  R ig id i ty  and Young's Modulus o f  th e  beams.
Two ty p e s  o f  e x c i t e r s  were used  f i r s t l y  a l e a d  Z irco n a te  
s t r a i n  gauge and secondly  an e le c t ro -m a g n e t ic  e x c i t e r .
The l e a d  z i r c o n a te  s t r a i n  gauges were u sed  to  e x c i t e  
most o f  th e  beams b u t  f o r  t h i c k  s tubby beams o f b / ^  r a t i o  2§1 
and 4 s l  they  were n o t s u f f i c i e n t l y  pow erful to  e x c i t e  th e se  
b l a d e s .  The le a d  z i r c o n a te  s t r a i n  gauges were f ix e d  by A ra ld i t e  
p a s t e  n e a r  th e  r o o t  and a d ja c e n t  to  one s id e  o f  th e  b la d e s .  A 
second  sm all  l e a d  z i r c o n a te  s t r a i n  gauge was a lso  used  to  d e te c t  
t h e  re s o n a n t  r e s p o n se s .  The e l e c t r o  magnet e x c i t e r  was used 
t o g e t h e r  w i th  a sm all  le a d  z i r c o n a te  s t r a i n  gauge as a v i b r a t i o n  
p i c k - u p .  The e l e c t r o  magnet was needed to  e x c i t e  the  s t i f f e r  
beams such as the  th r e e  inch  long  2 s i and 4*1 b /^  r a t i o  beams.
Even w ith  t h i s  e x c i t e r  i t  was n o t p o s s ib le  to  e x c i t e  th e  th re e  
in c h  lo n g  beams o f  b /^  r a t i o  2 si a t  f r e q u e n c ie s  h ig h e r  th an  th e  
second  mode.
A l l  th e  beams were o f  r e c ta n g u la r  c r o s s - s e c t i o n  and 
were p r e - t w i s t e d  w i th in  th e  range o f  0 to  90 d e g re e s .  The 
l e n g th s  c o n s id e re d  were 3 in c h e s 9 6 in c h e s ,  12 in ch es  and 20 
in c h e s  and th e  b / ^  r a t i o s  o f  th e  beams were 2 s i ,  4*1 and 8 s i
r e s p e c t i v e l y .
A s e r i e s  o f  t e s t s  were c a r r i e d  ou t on th e  s e t s  o f  
beams to  de term ine  th e  n a t u r a l  f r e q u e n c ie s  and mode shapes o f  
v i b r a t i o n s  up to  th e  f i f t h  mode.
The mode shapes o f  v i b r a t i o n s  were de te rm ined  u s in g  
a s e t  o f  o a p a c i la n te  p robes  which were p o s i t io n e d  a t  i n t e r v a l s  
a lo n g  th e  beam and a t  r i g h t  an g les  to  each o th e r  and p e rp e n d ic u la r  
to  th e  b lad e  a d ja c e n t  s u r f a c e s .  The p ro b es  were mounted on a 
p robe  h o ld e r  which was d e s ig n ed  such t h a t  th e  p robes  had 
r o t a t i o n a l  movement about a v e r t i c a l  a x i s .  The d e t a i l  o f  p robes  
h o ld in g  mechanism i s  d e sc r ib e d  in  s e c t io n  4 .4 .2 .  The number o f  
p ro b e s  t h a t  co u ld  be used  on v i b r a t i o n  p ic k -u p s  depended on the  
l e n g th  o f  th e  beam. The lo n g e r  the  beam, the  g r e a t e r  the  number 
o f  p ro b e s .
4 .2  Blade E x c i t a t i o n 8-
I t  has  been shown by Dawson ( l )  t h a t  th e  l e a d -  
z i r c o n a t e  t / p e  o f  s t r a i n  gauges a re  adequate  to  e x c i t e  s ix  inch  
lo n g  b la d e s  o f  b /^  r a t i o  g r e a t e r  th an  4*1» up to  th e  f i f t h  mode.
I t  was c o n s id e re d  t h a t  they  may a lso  e x c i t e  b la d e s  o f  2 s i  b /^  
r a t i o ,  b u t  th ey  were found to  be i n s u f f i c i e n t l y  pow erfu l to  
e x c i t e  th e se  beams. As an a l t e r n a t i v e  an e le c t ro -m a g n e t ic  
e x c i t e r  was t h e r e f o r e  used  to  e x c i t e  th e se  beams. Thus th e  two 
methods o f e x c i t a t i o n  weres
( a )  P ie z o -  E l e c t r i c  S t r a i n  Gauge E x c i t e r
(b )  E lec tro -M a g n e t ic  E x c i t e r .
4 .2 .1  P i e z o - E l e c t r i c  S t r a i n  Gauge E x c i t e r g-
In  1880 P ie r r e  and Jacque C urie  d isco v e re d  t h a t  when 
p r e s s u r e  i s  a p p l ie d  to  c e r t a i n  c r y s t a l s  an e l e c t r i c  charge  o r  
p o t e n t i a l  appea rs  a c ro s s  th e  faces*  T h is  phenomenon i s  c a l l e d  
t h e  P i e z o - E l e c t r i c  e f f e c t  and th e  p ro p e r ty  i s  w idely  u sed  in  
gramaphone p ic k  ups and m icrophones. C r y s ta l  ceram ics  such as 
Barium—t i t a n a t e  and le a d  z i r c o n a te  a lso  e x h i b i t  th e se  e f f e c t s .
Lead z i r c o n a te  ce ram ics  o r  r e l a t e d  m a te r i a l  c o n s i s t
o f  a  la rg o  number o f  c r y s t a l l i t e  c e n t r e s  bonded to g e t h e r ,  and 
b eca u se  th e  c r y s t a l s  a re  o f  random o r i e n t a t i o n ,  th e  p o l a r i t y  o f  th e  
ceram ic  i s  randomly d i s t r i b u t e d .  Bach c r y s t a l  c e n t r e  i s  c a l l e d  a 
domain and i f  a  s t r o n g  e l e c t r i c  f i e l d  i s  a p p l ie d  to  th e  ceramic 
a t  a tem p e ra tu re  j u s t  below C urie  p o in t ,  i t  w i l l  change the  
domain p a t t e r n  and w i l l  ca,use a permanent p o l a r i t y  i n  the  
d i r e c t i o n  o f  the  a p p l ie d  f i e l d .  The C urie  p o in t  i s  th e  p a r t i c u l a r  
te m p e ra tu re  a t  which, when a c r y s t a l  i s  h ea te d  up t o ,  a  random 
o r i e n t a t i o n  o f  th e  domain ta k e s  p la c e .  The c e n t r e  o f  a c r y s t a l  
i s  c a l l e d  i t s  domain. The ceram ics  a re  volume re s p o n s iv e ,  t h a t  
i s  to  say ,  when an a l t e r n a t i n g  v o l ta g e  i s  a p p l ie d  a c ro s s  the  
ce ram ic  i t  w i l l  expend in  one d i r e c t i o n  and c o n t r a c t  by a s m a l le r  
amount in  a l l  d i r e c t i o n s  p e rp e n d ic u la r  to  t h i s  d i r e c t i o n .  T h is  
i s  known as th e  1 converse* P ie z o - E l e c t r i c  e f f e c t .
T h is  converse  e f f e c t  i s  u t i l i s e d  when a l e a d -  
z i r c o n a t e  ceram ic  i s  u sed  as an e x c i t e r ,  by th e  a p p l i c a t i o n  o f  
a l t e r n a t i n g  v o l ta g e  a c ro ss  i t .
The com m ercially  a v a i l a b le  le a d - z i r c o n a to  s t r a i n  
gauges  have th e  fo l lo w in g  advantages  ove r  o th e r  ceram icss
(1 )  The gauges have a h ig h  C urie  p o in t ,  so w ire s  con be 
s o ld e r e d  w ith o u t  th e  f e a r  o f  d e s t r o y in g  th e  p o l a r i t y .
(2 )  The gouges a re  a v a i l a b le  in  sm all s i z e s ,  so t h a t  when they  
a re  g lu ed  on to  a beam th e  e f f e c t  on the  frequency  o f  
v i b r a t i o n  o f  th e  beam i s  n e g l i g i b l e .
( 3 ) The gauges can  produce more power f o r  same supply  then  
o t h e r  gauges , t h a t  i s  th e y  have a h ig h e r  e l e c t r o —magnotic 
c o u p l in g  f a c t o r  th an  th e  o th e r  gauges.
A schem atic  diagram o f  th e  g e n e ra l  arrangem ent o f  th e  
a p p a r a tu s  u s in g  a l e a d - z i r c o n a te  s t r a i n  gauge as on e x c i t e r  i s  
shown i n  P ig .  (2 )  and th e  la y o u t  o f  the  ap p a ra tu s  i s  shown on 
P l a t e  ( 6 ) ;
39.
The e x c i t e r  s t r a i n  gauge i s  p la c e d  a t  th e  ro o t  o f  th e  
b la d e  a d ja c e n t  to  th e  edges aid th e  e f f e c t  o f  the  e x t r a  mass o r  
s t i f f n e s s  i s  c o n s id e re d  to  be n e g l i g i b l e .
The impedance o f  th e  gauge i s  a fu n c t io n  o f  the  
f r e q u e n c y  and a t  low frequency  th e  impedance i s  ve ry  h igh  and 
f a l l s  o f f  w ith  th e  i n c r e a s in g  f requency . In  o rd e r  to  g ive  
s u f f i c i o n t  power o v e r  the  frequency  range , the  s ig n a l  from a 
decade o s c i l l a t o r  i s  fe d  v i a  a twenty w a tt  power a m p l i f i e r  in to  
a s t e p  up v o l ta g e  t ra n s fo rm e r  g iv in g  an o u tp u t  o f  about 800 
v o l t s  to  the  gauge. T his  arrangem ent was adequate  f o r  e x c i t a t i o n  
o f  most o f  th e  beams up to  f i f t h  mode and was th e r e f o r e  adopted  
g e n e r a l l y  f o r  the  p re s e n t  work.
4 .2 .2  E le c t r o  Magnetic E x c i t e r s -
The l e a d - z i r c o n a t e  s t r a i n  gauge was i n s u f f i c i e n t l y  
p o w e rfu l  to  e x c i t e  the  3 inch  2 s i  and 4*1 b r a t i o  beam and i t  
was t h e r e f o r e  n e c e s sa ry  to  use an a l t e r n a t i v e  e x c i t e r .  An e l e c t r o  
magnet o f  th e  eddy c u r r e n t  type  was found to  bo s u i t a b l e  as  an 
a l t e r n a t i v e  e x c i t e r .
I t  was h e ld  r i g i d l y  a d ja c e n t  to  the  t i p  o f  the  b lad e  
( to  g e t  the  maximum d e f l e c t i o n )  on a rod  f ix e d  to  a magnetic 
b a s e .
The arrangem ent o f  th e  ap p a ra tu s  u s in g  th e  e l e c t r o ­
m agnetic  e x c i t a t i o n  i s  th e  same as th e  arrangem ent shown in  
F i g . (2 )  and P l a t e  ( 5 ) w ith  th e  ex ce p t io n  o f  th e  t r a n s fo rm e r  
i n  th e  e x c i t e r  c i r c u i t .
F o r  b o th  e x c i t e r s ,  P i e z o - e l e c t r i c  gauges were used  
to  measure th e  b la d e  re sp o n se s .  The s ig n a l  from the  gauge was 
f e d  to  a  Cathode Hay O s c i l lo s c o p e .  Tunning the  s ig n a l  
g e n e r a to r  f o r  a maximum d e f l e c t i o n  shown on th e  o s c i l lo s c o p e ,  
a l lo w ed  the  resonance  n a t u r a l  f r e q u e n c ie s  o f  v i b r a t i o n s  to  be 
d e te rm in e d .
4 '3  Pr e -T w is t in g  o f  the-
The t h i n n e r  b la d e s  were tw is te d  in  a m anually  o p e ra te d  
m o d if ie d  t o r s i o n  machine as  shown in  P la te  ( l )  w h i l s t  the  s t i f f e r  
beams were tw i s t e d  in  an e l e c t r i c a l l y  powered Avery T o rs io n  
M achines as shown in  P la te  ( 2 ) .
A l l  th e  b la d e s  were c u t  in  th e  f i r s t  i n s t a n t  lo n g e r  
t h a n  th e  d e s i r e d  le n g th ,  because th re e  in ch es  o f  ev e iy  b lad e  
was h o ld  in  the  clam ping b lo c k .  Also to  ensure  an even r a t e  o f  
t w i s t  a long  th e  l e n g th  o f  the  b lad e  lg- inch  was removed from 
th e  f r e e  end o f  th e  beam a f t e r  t w i s t i n g .  The b la d e s  were 
t h e r e f o r e  c u t  4la in c h es  lo n g e r  than  the  d e s i r e d  e x p e r im en ta l  
l e n g t h .  I t  was th e n  tw is te d .  One and a h a l f  in ch es  was removed 
from th e  f r e e  end le a v in g  th e  re q u i re d  p r e - tw is t e d  le n g th  p lu s  
t h r e e  in c h es  a t  one end. f o r  c la n g in g .  The method o f  p re ­
t w i s t i n g  was as f o l lo w s s -
The b la d e s  o f  4 i  in ch es  g r e a t e r  th an  th e  r e q u i re d  
c a n t i l e v e r  le n g th  were p la c e d  in  the  two clamps (B)  and ( c ) ,  
a s  shown in  P l a t e  ( l )  and th e  socke t headed s e t  o f  screws (D) 
were t ig h te n e d  e v en ly .  ( a )  i s  the  b a c k p la te  on to  which (C)  
i s  screw ed. The handle  (F) was tu rn e d  u n t i l  the  t o t a l  angle  was 
ab o u t 10 to  20 d eg rees  g r e a t e r  th an  th e  d e s i r e d  p r e - t w i s t  a n g le ,  
depend ing  on th e  p r e - t w i s t  ang le  r e q u i r e d  and th e  le n g th  o f  the  
beam. The e x t r a  t w i s t i n g  wo,s n ecessa ry  to  c o u n te ra c t  the  InsiF 
a* o f  the  b la d e s .  The ang le  o f  p r e - t w i s t  was measured w ith  
a, ’’com bina tion  s e t ” which gave r e s u l t s  w i th in  p lu s  o r  minus 
1 degree  o f  th e  d e s i r e d  p r e - t w i s t  a n g le s .
The in ch  and a h a l f  le n g th  from the  f r e e  end o f  the  
blo.de was th e n  removed, l e a v in g  the  r e q u i r e d  le n g th  o f  p r e ­
t w i s t e d  beam p lu s  a th r e e  in ch  s t r a i g h t  p o r t i o n  f o r  c lam ping.
4 •4  General  Arrangement o f  V ib r a t io n  Apparatus s-
4 • 4• 1 Bla.de Mounting %
The beams were mounted v e r t i c a l l y  s in ce  th e  ap p a ra tu s  
was a l s o  d e s ig n ed  f o r  f u tu r e  work 011 th e  n a t u r a l  f r e q u e n c ie s
and mode shapes o f  v i b r a t i o n  of  p in n e d - f r e e  beams.
The b lo c k  on to  which the  b lad e  was mounted was ve ry  
l a r g e  I t s  w e igh t was approx im ate ly  4 cwt. and i t  was c o n s id e re d
t h a t  t h i s  would g iv e  a good c n c a s t r e  end f i x i n g .  The d e t a i l  
d e s ig n  o f  th e  r o o t  f i x i n g  i s  shown in  F ig .  (3 ) .  The heavy
m ounting  b lo c k  was clamped on to  a s p e c i a l l y  designed  v i b r a t i o n
i s o l a t i o n  bod. The mounting b lo ck  was d iv id e d  in to  two h a lv e s
( a )  and (b) as  shown in  F ig .  ( 3 ) .
The b la d e s  were pu t in  the  middle of the  b lo c k ,  in  
a r e c t a n g u l a r  c o l l a r  (er) whose s iz e  could  bo v a r ie d  as  d e s i r e d  
by  i n s e r t i n g  gauges o f  d i f f e r e n t  s i z e s .  The c o l l a r  was 3 in ch es  
d e ep .  T h is  c o l l a r  was th e n  g rip p ed  between the  s p e c i a l l y
d e s ig n e d  c y l i n d r i c a l  jaws ( f )  and the  c y l in d e r  so formed f i t t e d  
th e  c y l i n d r i c a l  c a v i t y  o f  th e  b lo ck .
The two h a lv e s  o f  th e  b lo ck  wore t i g h t l y  h e l l  by
two l a r g e  b o l t s  (c )  and ( d ) .  Those b o l t s  were t ig h te n e d  e q u a l ly
by 0. to rq u e  sp an n er  to  ensure  oven clam ping over the  ro o t  
s e c t i o n .  Each time the  gap between the  p a r a l l e l  f a c e s  o f  the  
h o l d e r  (e )  which was about .004 in c h e s ,  was checked by f e e l e r  
go.uge, to  ensu re  th e  evenness o f  the  gap.
4 . 4 . 2  D e s c r io t io n  of th e  General Arrangements
The u s u a l  v i b r a t o r  was a le a d —z irc o n a te  s t r a i n -  
gauge f ix e d  n e a r  the  ro o t  o f  th e  b lade  a d ja c e n t  to  the  edge.
A l t e r n a t i n g  v o l ta g e  from a decade o s c i l l a t o r  was fed  to  a 
20 w a t t  a m p l i f i e r ,  from which th e  v o l ta g e  ou tp u t was s tepped  
up by a 3 0 s i  power t r a n s fo rm e r .  In c o rp o ra te d  in  th e  c i r c u i t
was an ammeter and a v o l tm e te r  to  g ive  an in d i c a t i o n  o f  the  amount 
o f  c u r r e n t  and v o l ta g e  fe d  to  th e  gauge.
A second s t r a i n  gauge was f ix e d  by A ra ld i t e  p a s te  
a lo n g  s id e  th e  e x c i t e r  gauge to  a c t  as  a v i b r a t i o n  p ic k  up.
T h is  s ig n a l  was fe d  d i r e c t l y  to  a Cathode Ray O sc i l lo sc o p e  and 
a l s o  to  a  d i g i t a l  c o u n te r  v i a  a  sm all p r e —a m p l i f i e r .
The g e n e r a l  a rrangem ents  o f  th e  a p p a ra tu s  f o r  
m e asu r in g  th e  f r e q u e n c ie s  and mode shapes o f  v i b r a t i o n  i s  shown 
i n  P l a t e  (5)? F ig .  ( 2 , A) and P la to  (6) r e s p e c t iv e ly .  The 
a rrangem ent f o r  th e  measurement o f  th e  mode shapes i s  shown 
i n  P l a t e s  (4 ) and ( 6 ) .  P la t e  (4 ) shows the  p lan  view o f  the  
a rran g em en t .  The mode shapes were measured by c a p a c i ta n c e  
p ro b e s  which were h e ld  a t  r i g h t  an g les  to  the  beam s u r f a c e .
The a rrangem ent i n  P la to  ( 4 ) c o n s i s t s  b a s i c a l l y  o f  s e v e r a l  probe 
h o ld e r s  (A) onto each  o f  which wore a t ta c h e d  two c ap a c i tan c e  
p ro b e s  (B ). The p robes  cou ld  be moved h o r i z o n ta l ly  a long  the  
ro d (D) and th e  f i n a l  sm all ad justm ent cou ld  be made by the  
k n u r le d  screws (c) .  The probes  could be locked in  .any p o s i t i o n  
by a lo c k in g  screw . The rod  (D) was h e l l  a t  one end in  T-shaped 
g ro o v es  (e ) and co u ld  bo moved along th e  groove in  a h o r i z o n ta l  
d i r e c t i o n .  The T - s l o t s  were machined on two heavy b lo ck s  ( f )  
a s  shown. The p ro b es  cou ld  be r o t a t e d  about the  v e r t i c a l  a x i s .
The g e n e ra l  co n n ec tio n s  o f  th e  v a r io u s  in s tru m e n ts  
a r e  shown i n  F ig .  ( 2 . A) and P la te  (6 ) .  The c ap a c i tan c e  probes 
(maximum rouge 0 .005  in c h e s )  a re  connec ted  to  a ¥ayne K err 
v i b r a t i o n  m e te r  (E) v i a  two sw i tch in g  boxes (G). The 
am p li tu d e  s ig n a l  was m onito red  on the  o s c i l lo s c o p e  (1 ) and could  
be  u sed  f o r  d e te rm in in g  the  phase o f  the  v i b r a t i o n .  The 
am p li tu d e  o f  v i b r a t i o n  was a lso  reco rded  011 the  v i b r a t i o n  
m e te r  (H). The beam was e x c i t e d  by s t r a i n  gauges, s ig n a l  f o r
f o r  w hich was foci from a decade o s c i l l a t o r  ( J )  v i a  an a m p l i f i e r  
( I )  and a s t e p  up t r a n s fo rm e r  n o t v i s i b l e  on th e  P l a t e  ( 6 ) .
4*5 E x p erim en ta l  P rocedure
The arrangem ents  o f  th e  in s t ru m e n ts  a re  shown in  
P i g . ( 2 ) .  A s e a rc h  was ma.de o v e r  the  whole range o f  frequency  
and p a r t i c u l a r  a t t e n t i o n  was g iv en  when th e  frequency  o f  
e x c i t a t i o n  was n e a r  to  t h a t  t h e o r e t i c a l l y  c a l c u l a t e d  n a t u r a l  
f r e q u e n c y  o f  v i b r a t i o n .
The s i g n a l  from th e  o s c i l l a t o r  was fed  to  th e  s t r a i n  
gauge e x c i t e r .  The p ic k  up s ig n a l  was fe d  to  a Cathode Ray 
O s c i l l o s c o p e .  The frequency  o f  th e  o s c i l l a t o r  was a d ju s te d  u n t i l  
a  p o s i t i o n  o f  maximum am plitude  was shown on th e  Cathode Ray 
O s c i l l o s c o p e .  The f requency  was a lso  shown on a d i g i t a l  c o u n te r  
and i t  was re c o rd e d .  A ll  th e  n a t u r a l  f r e q u e n c ie s ,  up to  f i f t h  
mode o f  v i b r a t i o n ,  were o b ta in e d  in  t h i s  manner.
For beams o f  b / ^  r a t i o  2 and le n g th  3 in c h e s ,  the  
e l e c t r o - m a g n e t i c  e x c i t e r  was used  in s t e a d  o f  the  s t r a i n  gauge 
e x c i t e r .  Also f o r  th e  f i f t h  mode of v i b r a t i o n  o f  a beam o f 
b / ^  r a t i o  4*1 and o f  le n g th  6 in c h ,  th e  e l e c t r o  magnet was used  
a s  an e x c i t e r ,  to  chock th e  n a t u r a l  f requency  v a lu e s  o b ta in ed  
by  u s in g  s t r a i n  gauge as  an e x c i t e r  and no a p p re c ia b le  d i f f e r e n c e  
was o b ta in e d .
The mode shapes o f  v i b r a t i o n s  were measured by 
c a p a c i t a n c e  p ro b e s .  The d i s ta n c e  o f a l l  th e  probe heads from 
th e  s u r f a c e  o f  th e  beam were a d ju s te d  to  g ive  f u l l  s c a le  re a d in g  
on  th e  ’’D is ta n c e ” s c a le  o f  th e  Wayne K err  v i b r a t i o n  m e te r .  T h is  
showed t h a t  th e  probe heads were w i th in  th e  d e s i r e d  d is ta n c e  
from th e  beam f o r  a c c u ra te  r e a d in g s .  The two p robes  which 
wore a t  th e  to p  o f  th e  b lad e  were connec ted  to  th e  v i b r a t i o n  
m e te r  and th e  b la d e  was e x c i t e d  a t  th e  d e s i r e d  resonance  f req u e n cy .
The v o l ta g e  of th e  decade o s c i l l a t o r  was a d ju s te d  to  g ive  a  
maximum re a d in g  on th e  ’’V ib ra t io n "  s c a le  o f  th e  Wayne K err  
v i b r a t i o n  m e te r .  Care was ta k e n  about o v e r  lo a d in g  th e  s t r a i n  
g auge , which was gu ided  by th e  s ig n a l  on th e  o s c i l lo s c o p e  
p roduced  by th e  s t r a i n  gauge p ic k  up. A d i s t o r t e d  s ig n a l  
i n d i c a t e d  o v e r lo a d in g  o f  th e  s t r a i n  gauge. Once the  t i p  
d e f l e c t i o n  was d e f lec ted ,  to  a p o s s ib le  maximum, th e  d e f l e c t i o n  
a t  o t h e r  p o in t s  o f  th e  blo.de cou ld  be measured by th e  r e l e v a n t  
c .ap ac itan cc  p ro b es  l o c a t e d  a t  t h a t  p o in t .  Six-Wc?y throw sw itch  
boxes  were u sed  s in c e  s ix  p ro b es  were connec ted  to  one sw itch  
box and a maximum o f  th r e e  s e t s  o f  such sw itch  boxes were u sed . 
By u s in g  t h i s  method, i t  was p o s s ib le  to  measure th e  d e f l e c t i o n  
a t  d i f f e r e n t  p o in t s  on th e  b la d e  n e a r ly  in s t a n ta n e o u s ly .  The 
a m p li tu d e s  o f  b o th  p robes  a t  a p a r t i c u l a r  p o in t  were reco rd ed  
and each  am plitude  t r a c e  was compared to  t h a t  o f  th e  in p u t  
s i g n a l  shown on th e  o s c i l lo s c o p e  and a p o s i t i v e  s ig n  was 
a r b i t r a r i l y  a s s ig n e d  to  a p a r t i c u l a r  pho.se agreem ent. The 
a m p li tu d e s  were e i t h e r  i n  phase w i th  th e  in p u t  s ig n a l  o r  180 
d e g re e s  out o f  phase f o r  which th ey  were denoted  as  n e g a t iv e .  
The d e f l e c t i o n  re a d in g s  o f  th e  p robes  were th e  am plitude  o f  
v i b r a t i o n s  in  th e  two p r i n c i p a l  p la n es  YY and XX. U sing  sim ple 
e q u a t io n s  th e  d e f l e c t i o n s  in  th e  xx and yy p la n es  were 
c a l c u l a t e d  from th o se  r e s u l t s .
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C H A P T E R  5 
THEORETICAL A3JD EXPERIMENTAL RESULTS
The a p p l i c a b i l i t y  o f  th e  d e r iv e d  e q u a t io n s  o f  motion 
a r e  t e s t e d  o v e r  a wide range o f  beam b / d r a t i o s  and le n g th s  and 
th e  t h e o r e t i c a l  n a t u r a l  f r e q u e n c ie s  and mode shapes o f  v ib r a t i o n s  
f o r  th e s e  beams have been o b ta in e d  up to  th e  f i f t h  mode o f  
v i b r a t i o n  and a re  compared to  ex p er im en ta l  r e s u l t s *
The t h e o r e t i c a l  and ex p er im en ta l  n a t u r a l  f r e q u e n c ie s  
o f  v i b r a t i o n  o f  th e  p r e - tw i s t e d  beams are  p re se n te d  in  term s 
o f  th e  f req u en cy  r a t i o  p /p  where p i s  th e  n a tu r a l  frequency
y
o f  v i b r a t i o n  o f  th e  p r e - tw i s t e d  beam a t  a p a r t i c u l a r  mode and 
p i s  th e  fundam enta l t h e o r e t i c a l  n a t u r a l  frequency  in  th e  yyy
d i r e c t i o n  o f  an i d e n t i c a l  b lad e  bu t w ith  zero angle o f  p r e - t w i s t .  
The r a t i o  o f  th e  second moment o f  a re a  about th e  yy to  t h a t
ab o u t th e  xx a x i s  i s  p ro p o r t io n a l  to  the  square o f  the  b re a d th
to  d ep th  r a t i o  which i s  r e f e r r e d  to  in  t h i s  r e p o r t  as th e  b / d 
r a t i o .  At zero  p r e - t w i s t  th e  fundamental frequency  o f  v ib r a t i o n  
i n  th e  ’’s t i f f ” d i r e c t i o n ,  t h a t  i s  the  xx d i r e c t i o n ,  i s  b / d 
t im e s  th e  fundam ental in  th e  ’’f l e x i b l e ” d i r e c t i o n ,  t h a t  i s  in  
th e  yy d i r e c t i o n .  Thus i f  f^  i s  the  fundam ental f req u en cy , th en  
t h e  f i r s t  t r a n s v e r s e  freq u en cy  i s  b/  ^ f^i.
The f requency  r a t i o  f o r  beams o f  b / d r a t i o s  2 s i ,
4 s i  and 8 s i  and l e n g th  3 9 6 , 12 and 20 in ch es  w ith  p r e - tw i s t  
a n g le  i n  th e  range  o f  0 to  90 degrees  a re  shown in  F ig .  (4 ) to
( 17 ) f o r  th e  f i r s t  f i v e  modes o f  v i b r a t i o n .
The mode shapes o f  v i b r a t i o n  f o r  the  beams o f  b / d 
r a t i o s  2 s l ,  4°1 and 8 ;1 and le n g th  3? 6, 12 and 20 inches  
and p r e - t w i s t  an g le  30, 60 and 90 deg rees  a re  shown in  F ig .  ( l8 )  
to  (3 2 ) .  JXl
h ' -  ^  V -
The e f f e c t  o f  l e n g th  upon th e  t h e o r e t i c a l  n a t u r a l
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f r e q u e n cy  r a t i o s  f o r  p r o - t w i s t  an g les  in  th e  range 0 to  90 deg rees  
i s  shown in  F i g . (4 ) f o r  th e  2 si fc/ r a t i o  beam. Also r e s u l t s  
n e g l e c t i n g  s h e a r  d e f l e c t i o n  and ro tax y  i n e r t i a  a re  shown f o r  th e  
f i r s t  f o u r  mode o f  v i b r a t i o n .  These r e s u l t s  were ta k en  from th e  
p a p e r  by Documaci, Thomas and C arnegie  ( 54) .  I t  can  be seen t h a t  
th e  e f f e c t  o f  s h e a r  and r o t a r y  i n e r t i a  i s  n e g l ig ib l e  when the  
l e n g t h  o f  th e  b la d e  i s  23 in c h e s .  But when th e  le n g th  i s  3 in c h e s ,
th e  e f f e c t  o f  s h e a r  and r o t a r y  i n e r t i a  becomes l a r g e ,  b e in g  o f
th e  o r d e r  o f  11$, 1 0 .3 $ , 24$ and 35$ f o r  the  f i r s t ,  second, 
t h i r d  and f o u r th  mode r e s p e c t i v e l y  f o r  th e  90 degree p r e - t w i s t  
beams. And in  th e  c a se  o f  f o u r th  mode, zero  degree p r e - t w i s t  
beam s, i t  i s  o f  th e  o r d e r  o f  45$* should  be n o ted  t h a t  a t
f o u r t h  mode, th e s e  e f f e c t s  a re  l e s s  f o r  th e  90 degree  p re ­
t w i s t  th a n  a t  th e  zero p r e - t w i s t .  No r e s u l t  i s  a v a i l a b l e  to  
t h e  a u t h o r ' s  knowledge f o r  th e  f i f t h  mode o f  v i b r a t i o n  
n e g l e c t i n g  s h e a r  and ro ta x y  i n e r t i a .  F i g . ( 5 ) and (6) show the  
e f f e c t  o f  l e n g th  on th e  t h e o r e t i c a l  n a t u r a l  f requency  f o r  
b l a d e s  o f  b / ^  r a t i o  4*1 and 8 s i  r e s p e c t i v e l y . For a l l  b /^  
r a t i o  beams, th e  e f f e c t  o f  s h e a r  de fo rm ation  and r o t a r y  
i n e r t i a  becomes l e s s  w ith  i n c r e a s in g  l e n g th .  In  F ig  (4 ) ,  (5) 
and (6 )  f o r  each  mode, i t  can  be seen t h a t  as  th e  le n g th  
i n c r e a s e s ,  th e  c u rv e s  f o r  each le n g th  become c l o s e r  to  each 
o t h e r ,  showing t h a t  th e  e f f e c t  o f  sh e a r  de fo rm ation  and r o ta r y  
i n e r t i a  d e c re a se s  w i th  in c r e a s e  i n  l e n g th .  For 20 inch  long  
beam s, th e  t h e o r e t i c a l  r e s u l t s  in c lu d in g  sh e a r  and r o ta r y  
i n e r t i a  a re  v e ry  n e a r  to  the  r e s u l t s  o b ta in e d  by Dawson ( l )  
n e g l e c t i n g  s h e a r  and r o t a r y  i n e r t i a  as  shown in  F i g . ( 5 ) ^nd
(6 )  which shows t h a t  th e s e  secondary  e f f e c t s  a re  ve ry  sm all  
f o r  lo n g e r  beams.
In  F ig  ( 5 ) i t  can bo seen t h a t  the  e f f e c t  o f  sh o a r  
and r o t a r y  i n e r t i a  f o r  p r o - tw is t e d  beams o f  b /^  r a t i o  4 s i  and 
20 in c h e s  lo n g  i s  n e g l i g i b l e  f o r  a l l  modes excep t f o r  the  f i f t h  
mode, where th o se  e f f e c t s  when tak en  in to  acco u n t,  low er the  
n a t u r a l  f req u en cy  by 2 .3 9 $ . The e f f e c t  becomes much more 
im port,ant f o r  th e  more s tubby  beams, and f o r  3 in ch  long  beams 
maximum e r r o r s  o f  0$, 7*5%, 12 .2$ , 11 ,5$  end 12 .7$  would be 
i n c u r r e d  f o r  th e  f i r s t ,  second , t h i r d ,  f o u r th  and f i f t h  modes 
r e s p e c t i v e l y  i f  th e s e  e f f e c t s  were n e g le c te d .
S im i la r ly  in  F i g . (6) i t  can be seen t h a t  th e  e f f e c t
o f  s h o a r  and r o t a r y  i n e r t i a  f o r  beams o f  b /  r a t i o  8 s i  andd
le n g t h  20 in c h e s  i s  n e g l i g i b l e .  But f o r  stubby beams, such 
a s  3 in ch  lo n g ,  maximum e r r o r s  o f  0$, 3*28$, 8.49$? 3 .7 $  and 
6 .1 $  would bo in c u r r e d  f o r  th e  f i r s t ,  second, t h i r d ,  f o u r th  
and f i f t h  mode r e s p e c t i v e l y  i f  th e se  e f f e c t s  a re  n e g le c te d .
Thus f o r  beams o f  b / ^  r a t i o  h ig h e r  than  o r  eq u a l  to  
2 s i  and le n g th  20 in c h es  o r  more, i t  can be s a id  t h a t  the  e f f e c t  
o f  s h e a r  and r o t a r y  i n e r t i a  i s  n e g l ig ib l e  f o r  the  low er modes 
o f  v i b r a t i o n .  However, f o r  beams w ith  b /^  r a t i o  2 si and 
l e n g t h  ' 20 in c h e s ,  th e  e f f e c t  o f  s h e a r  and r o ta r y  i n e r t i a  i s  
im p o r ta n t  oven f o r  low er modes, as  shown in  F ig .  (4 ) and 
d i s c u s s e d  p r e v io u s ly .
The e f f e c t  o f  v a r i a t i o n  in  the  s h e a r  s t r e s s  f a c t o r  
MKM upon th e  beam n a t u r a l  frequency  r a t b s  i s  shown in  F ig .  (7)
(8 )  and (9) f o r  6 in ch  lo n g  beams o f b /d  r a t i o  2 s i ,  4*1 and 
8 s i  r e s p e c t i v e l y  and w i th  p r e - t w i s t  ang le  i n  th e  range 0 to  
90 d e g re e s .
These r e s u l t s  a re  a lso  compared in  T ab les  ( l )
to  ( 6 ) .
In  t a b l e s  (3) and ( 4 ) i t  can be seen t h a t  f o r  a
beam o f  b /  r a t i o  4 si -and le n g th  6 in c h e s ,  a v a r i a t i o n  i n  UKM 
v a lu e  from 1 .2  to  1 .5  g iv e s  a maximum p e rcen tag e  v a r i a t i o n  in  
f r e q u e n c y  r a t i o  o f  ap p ro x im a te ly  2 .1 $ ,  f o r  the  f i f t h  mode o f  
v i b r a t i o n .  F o r  low er modes th e  v a r i a t i o n  i s  mucl. s m a l le r .  
V a r i a t i o n  o f  MKT* v a lu e  from 1 .2  to  1 .05  g iv e s  a maximum 
p e rc e n ta g e  v a r i a t i o n  o f  about 1 .02#  f o r  th e  f i f t h  mode o f  
v i b r a t i o n .  Thus th e  e f f e c t  o f  the  change o f  the  "K" va lu e  from
1 .2  to  1 .5  and from 1 .2  to  1 ,0 5  g iv e s  a maximum change o f  2 .1 #  
and 1 .0 2 #  r e s p e c t i v e l y  f o r  th e  30 degree p r e - tw is t e d  beam o f  
b /  r a t i o  4*1 a t  th e  f i f t h  mode o f  v i b r a t i o n .
Fo r  beams o f  b / ^  r a t i o  2 s i  and le n g th  6 in c h e s ,  
a s  shown in  Table  ( l )  and (2) th e  maximum v a r i a t i o n  i s  o f  the  
o r d e r  o f  2 .1 3 #  when "K” v a lu e  i s  changed from 1 .2  to  1.5*
When th e  !,KM v a lu e  i s  changed from 1 .2  to  1 . 05 , th e  maximum 
v a r i a t i o n  i s  o f  th e  o rd e r  o f  1 .13# . Thus d i f f e r e n t  v a lu e s  o f  
MKM ra n g in g  from 1 .0 5  to  1 .5  has  l i t t l e  e f f e c t  on th e  n a t u r a l  
f r e q u e n c i e s  o f  p r e - t w i s t e d  beam as  shown in  T ab les  ( l )  to  ( 6 ) .
An in c r e a s e  i n  UK,! v a lu e ,  however, always g iv e s  low er f r e q u e n c ie s  
which a re  more c l o s e l y  in  agreement w ith  th e  e x p e r im e n ta l ly  
d e te rm in e d  f r e q u e n c i e s .  T h is  e f f e c t  can be c l e a r l y  seen  in  
F ig  ( 7 ) ,  (8) and (9) in  which t h e o r e t i c a l  f requency  r a t i o  r e s u l t s  
a r e  p l o t t e d  f o r  v a r io u s  UKU v a lu e s  up to  th e  f i f t h  mode of
v i b r a t i o n .  The maximum d i f f e r e n c e  in  f requency  r a t i o s  f o r  th e
v a r io u s  “K” v a lu e s  was on ly  o f  the  o rd e r  o f  3»7#  o r  l e s s  f o r
a l l  th e  b /^  r a t i o  beams up to  f i f t h  mode o f  v i b r a t i o n .
From Table  (7) to  ( l l )  i t  can be seen t h a t  th e  
e f f e c t  o f  change i n  "K" v a lu e  upon th e  f i r s t  f iv e  mode shapes 
o f  v i b r a t i o n  i s  v e ry  sm a l l .
Thus th e  e x ac t  v a lu e  o f  UKM ap p ea rs  to  have l i t t l e  
e f f e c t  on e i t h e r  th e  n a t u r a l  f r e q u e n c ie s  o r  mode shapes o f
v i b r a t i o n  and f o r  th e  rem a inder  o f  th e  work K * 1 .2  was used  f o r  
a l l  th e  c a l c u l a t i o n s .
Dawson's ( l )  r e s u l t s  a re  shown in  the  end columns o f
T ab le  (3) to  ( 6 ) .  These r e s u l t s  were c a l c u l a t e d  v s in g  a R ay le ig h -
R i tz  p rocedure  and as would be ex p ec ted ,  a re  a  l i t t l e  h ig h e r  
th a n  th o se  o b ta in e d  by the  t r a n s fo rm a t io n  method. However, th e  
r e s u l t s  show good agreement w i th  the  p re s e n t  r e s u l t s  and ten d  to  
v e r i f y  th e  r e s u l t s  p re s e n te d  in  t h i s  t h e s s i s .
The d i f f e r e n c e  between th e  t h e o r e t i c a l  r e s u l t s  and 
e x p e r im e n ta l  r e s u l t s  f o r  th e  2 s i  b/^  r a t i o  beam as shown in  
T ab le  ( l )  i s  f a i r l y  l a r g e  b e in g  o f  th e  o rd e r  o f  9*07# f o r  6 inch
lo n g  beam f o r  the  t h i r d  mode o f  v i b r a t i o n .  But f o r  b /^  r a t i o
4 s i  and s ix  in ch  lo n g  beam th e  maximum d i f f e r e n c e  between the  
e x p e r im e n ta l  and t h e o r e t i c a l  r e s u l t s  o b ta in e d  f o r  K -  1 .2  i s  
9 .3 1 #  f o r  second mode as shown in  Table ( 3 ) .  For b /^  r a t i o  8 si 
and s i x  in ch  long  beam th e  main d i f f e r e n c e  between the  
e x p e r im e n ta l  and t h e o r e t i c a l  r e s u l t s  i s  7*45# t h i r d  mode 
a s  shown in  Table  (5)«
T h is  i n d i c a t e s  t h a t  o th e r  f a c t o r s  no t a llow ed  f o r  
i n  th e  d e r i v a t i o n  o f  the  e q u a t io n  o f  motion a re  im p o rtan t 
e s p e c i a l l y  f o r  th e  s tubby  beams. Such f a c t o r s  may be the  
e f f e c t  o f  the  ro o t  f i x i n g ,  l a t e r a l  i n e r t i a  due to  d i s t o r t i o n  o f  
th e  c r o s s - s e c t i o n  in  i t s  own p la n e ,  damping e f f e c t s  and non- 
l i n e a r i t y  in  th e  p r e - t w i s t .  I t  i s  th u s  ap p aren t  t h a t  f o r  
s tu b b y  beams, a l lo w in g  f o r  s h e a r  end r o t a r y  i n e r t i a  e f f e c t s  
does n o t  y i e l d  co m p le te ly  s a t i s f a c t o r y  agreement w ith  
e x p e r im e n ta l  r e s u l t s .  I t  shou ld  be n o ted  in  T ab les  ( l )  to
(6 )  t h a t  th e  maximum d i f f e r e n c e  between th e  ex p er im en ta l  
and t h e o r e t i c a l  r e s u l t s  does n o t n e c e s s a r i l y  in c re a s e  w ith  
i n c r e a s e  in  mode number. In  f a c t  the  h ig h e r  •..iscrepancy a r i s e s
a t  e i t h e r  th e  second o r  t h i r d  mode, as seen  hy th e  p e rcen tag e  
d i f f e r e n c e  f o r  th e  f i r s t  f i v e  modes which have been s t a t e d  
p r e v io u s ly .
F i g . (1 0 ) ,  (11) and ( 12) shows th e  e x p e r im en ta l  and 
t h e o r e t i c a l  f req u en cy  r a t i o  r e s u l t s  f o r  12 inch  long  beams o f  
b / ^  r a t i o s  2 s i ,  4*1 rind 8 s i  r e s p e c t i v e l y .  The f i r s t  two modes 
f o r  th e  2 s i b /  r a t i o  beam a,s shown in  F ig . ( lO )  show good 
agreem ent between t h e o r e t i c a l  and e x p e r im en ta l  r e s u l t s .  For 
th e  t h i r d  mode, a t  30 degree  p r e - t w i s t  the  maximum pe rcen tage  
d i f f e r e n c e  i s  l e s s  th a n  4 *84# .
I n  th e  case  o f  f o u r th  and f i f t h  mode th e  maximum 
d i f f e r e n c e  between the  t h e o r e t i c a l  and e x p e r im en ta l  r e s u l t s  a re  
o f  th e  o r d e r  o f  5 *77#  and 4 *68#  r e s p e c t iv e ly .
In  F i g . (11) and ( 12 ) i t  can be seen  t h a t  th e  
d i f f e r e n c e  between t h e o r e t i c a l  and ex p e r im en ta l  r e s u l t s  a re  
q u i t e  sm a l l ,  f o r  4*1 and 8 s i  b / ^  r a t i o  beams. F o r  b /^  r a t i o  4*1 
and  12 in ch  lo n g  beam th e  maximum d i f f e r e n c e  i s  app rox im ate ly
1 .2 #  a t  f o u r th  mode as  shown in  F i g . ( l l ) .  F o r  b /^  r a t i o  8 si 
th e  maximum d i f f e r e n c e  i s  o n ly  2 . 94#  f o r  f o u r th  mode as shown 
i n  P ig .  (1 2 ) ,  Thus f o r  beams o f  4*1 b /^  r a t i o  and o f  le n g th  12 
in c h  th e  th e o ry  a l lo w in g  f o r  s h e a r  and r o t a r y  i n e r t i a  g iv e s  
a c c e p ta b le  agreement w ith  e x p e r im en ta l  r e s u l t s .
F i g . (1 3 ) ,  (14) and ( 15) shows th e  t h e o r e t i c a l  and 
e x p e r im e n ta l  r e s u l t s  f o r  beams o f  b /^  r a t i o  2 s i ,  4*1 and 8 si 
r e s p e c t i v e l y  and 20 in ch  lo n g .  For b / ^  r a t i o  2 s i ,  th e  maximum 
d i f f e r e n c e  between the  t h e o r e t i c a l  and ex p e r im en ta l  r e s u l t s  
a r e  ap p ro x im a te ly  3 . 8# ,  3 *7#  o,nd 3 *3#  f o r  th e  t h i r d ,  f o u r th  
and f i f t h  modes r e s p e c t i v e l y .  F o r  b /^  r a t i o  4*1 shown in  
F i g . ( 14) th e  maximum d i f f e r e n c e  between th e  t h e o r e t i c a l  and 
e x p e r im e n ta l  r e s u l t s  i s  ap p rox im ate ly  3 . 5./° f o r  th e  f o u r th  mode.
F o r  a l l  o th e r  modes th e  d i f f e r e n c e  i s  n e g l i g i b l e .  F o r  b /^  r a t i o  
8 s i  a s  shown in  F i g . ( l 5 ) ,  th e  d i f f e r e n c e  between th e  t h e o r e t i c a l  
and e x p e r im e n ta l  r e s u l t s  a re  n e g l ig ib l e  f o r  a l l  th e  modes.
I n  F i g . (16) and (17) the  frequency  r a t i o s  a re  
p l o t t e d  f o r  th e  t h r e e  in ch  long  beams o f  b / ^  r a t i o  4 s i  and 8 s i  
r e s p e c t i v e l y .  I t  was found im poss ib le  to  e x c i t e  beams o f  2 si 
b / ^  r a t i o  and le n g th  3 in c h e s ,  w ith  e i t h e r  the  m agnetic  o r  
p i e z o - e l e c t r i c  e x c i t e r .  F o r  3 in ch es  long  beam and b /^  r a t i o  4«1 
th e  maximum e r r o r s  were 0$, 1 6 ,2 $ , 6 .9 $ ,  8 .4 $  and 9*2$ f o r  f i r s t ,  
s eco n d , t h i r d ,  f o u r th  and f i f t h  mode as shown in  F i g . ( l 6 ) .
F o r  b / ^ r a t i o  8 s i  th e r e  was no s i g n i f i c a n t  d i f f e r e n c e  f o r  
f i r s t  two modes, between t h e o r e t i c a l  and ex p e r im en ta l  r e s u l t s .
But f o r  t h i r d ,  f o u r t h  and f i f t h  mode th e  maximum e r r o r s  were 
5$ , 5$ and 1 .3 7 $  r e s p e c t i v e l y  as  shown in  F ig ,  (1 7 ) .  Hence
a l th o u g h  th e  s h e a r  d e f l e c t i o n  and r o ta r y  i n e r t i a  e f f e c t s  a re  
ta k e n  in to  account in  the  t h e o r e t i c a l  c a l c u l a t i o n s ,  o th e r  
s ec o n d a ry  e f f e c t s  such as  ro o t  f l e x i b i l i t y ,  damping e t c . ,  
a p p e a r  to  have a c o n s id e ra b le  e f f e c t  on th e  frequency  r e s u l t s .  
Thus i f  the  n a t u r a l  f r e q u e n c ie s  o f  beams o f  le n g th  3 in ch es  and 
b / ^  r a t i o  l e s s  th a n  o r  eq u a l  to  8 s i ,  a re  to  bo c a l c u l a t e d  w ith  
c o n f id e n c e ,  f u r t h e r  work must be done to  e s t a b l i s h  the  f a c t o r s  
t h a t  a re  c a u s in g  th e s e  d i s c r e p a n c ie s .
I t  can c l e a r l y  be seen in  F ig s  (4)5 (5 ) 'n-nd (6)»
t h a t  th e  s h e a r  and r o t a r y  i n e r t i a  e f f e c t s  d e c rea se s  w ith
i n c r e a s i n g  len g th # * * ^  WjP&H PIIILfriW« Also
f o r  beams o f  b / ,  r a t i o  l e s s  th a n  o r  eq u a l  to  4 ?1 ond le n g th  d
l e s s  th a n  6 in c h e s ,  c o n s id e ra b le  e r r o r  can be in c u r r e d  by 
n e g l e c t i n g  s h e a r  d e f l e c t i o n  .and r o t a r y  i n e r t i a  e f f e c t s  even 
f o r  low er modes o f  v i b r a t i o n .
The mode shapes o f  v i b r a t i o n  a re  shown in  F ig s  ( l8 )
to  F i g . (32) f o r  th e  f i r s t  f i v e  modes o f  v i b r a t i o n  f o r  beams o f
b / d r a t i o s  2 s i ,  4 s i  and 8 s i  each le n g th  3 , 6 , 12 and 2D in c h .  The
e x p e r im e n ta l  mode shapes f o r  th e  beam o f  b / ,  r a t i o  2 s i  and' d
l e n g t h  3 in c h es  a re  n o t  o b ta in a b le  s in ce  w ith  the  p re s e n t
a r ra n g em en ts ,  i t  was n o t  p o s s ib le  to  e x c i t e  th e se  beams
s u f f i c i e n t l y  enough to  o b ta in  th e  mode sh ap es .  Also f o r  beams
o f  l e n g th  th r e e  in c h e s ,  i t  was only  p o s s ib le  to  measure a t
th r e e  p o s i t i o n s  a lo n g  th e  beam and hence complete v e r i f i c a t i o n
o f  th e  t h e o r e t i c a l  mode shapes i s  no t p o s s ib l e .
The mode shapes f o r  beams o f  b /^  r a t i o s  8 si and o f
l e n g th s  3 , 6 , 12 and 20 in c h es  a re  shown i n F i g . ( l 8 )  to  (2 2 ) .
Dawson1 s (1 )  r e s u l t s  n e g l e c t i n g  sh e a r  and r o ta r y  i n e r t i a  are
a l s o  shown on th e s e  f i g u r e s .  In  F ig .  (18) i t  can be seen  t h a t
th e  e f f e c t  o f  l e n g th  i s  n e g l i g i b l e  f o r  the  f i r s t  mode. In
F i g . (19) th e  e f f e c t  o f  le n g th  f o r  3 in ch  long  beam i s  s i g n i f i c a n t
f o r  th e  second mode 30 degree p r e - t w i s t  beam o n ly .  For the
p a r t i c u l a r  p r o - tw i s t e d  beam th e  t h e o r e t i c a l  maximum am plitude
i n c r e a s e s  by app ro x im a te ly  8 . 84$ when th e  le n g th  i s  changed
from 3 in c h es  to  20 in c h e s .  Thus f o r  th o se  modes th e  sh ea r
and r o t a r y  i n e r t i a  e f f e c t s  a re  n e g l ig ib l e  f o r  a l l  c a se s  excep t
th e  3 in c h  lo n g , 30 degree  p r e - t w i s t  beams. For th e  t h i r d  mode
th e  e f f e c t  o f  s h e a r  d e f l e c t i o n  and r o t a r y  i n e r t i a  i s  c o n s id e ra b le
e s p e c i a l l y  f o r  90 degree p r e - t w i s t  beams. The maximum change
i n  t h e o r e t i c a l  am plitude  i s  b e in g  o f th e  o rd e r  o f  9*05$ in
xZ p lan e  and 2 .1 $  in  yZ p la n e .  I t  can be seen in  F ig ,  (2 0 ) ,
(21) and (22) t h a t  th e r e  a re  no t r u e  Jftodal p o in ts  f o r  p r e -
f  . .t w i s t e d  c a n t i l e v e r  beams ex cep t  a t  th e  e n c a s t r e  p o s i t i o n .
A riodal p o in t  i s  hero  d e f in e d  as  a p o in t  which has  zero 
a b s o lu t e  v i b r a t i o n a l  d isp la ce m e n t .  However, i t  i s  o f  common 
p r a c t i c e  to  e x p re s s  th e  modal p a t t e r n s  f o r  p r e - tw i s t e d  beams
in  two c o - o r d in a te  p la n e s  d e sc r ib e d  hore  as  zZ and yZ p la n e s .  
F o r  th e  f o u r th  mode, the  e f f e c t  o f  sh e a r  and r o ta r y  i n e r t i a  i s  
c o n s id e r a b le  as  shown in  F i g , (2 1 ) ,  Tho maximum e f f e c t s  on the  
t h e o r e t i c a l  mode shapes a re  o f  tho  o rd e r  o f  10 .4$  f o r  30 degree 
p r o t w i s t  in  yZ p ia n o ,  11 .2$  f o r  60 degree p r e - t w i s t  in  xZ p la n e ,  
f o r  90 degree p r e - t w i s t  i t  i s  30$ in  xZ p lan e  and 10$ in  yZ 
p l a n e .  In  F ig s .  (2 0 ) ,  (21) .and (22) i t  can he seen t h a t  w ith
d e c re a s e  in  l e n g th  o f  th e  "beams from 20 in ch es  to  3 i n c h e s }
th e  .apparent t h e o r e t i c a l  iriodal p o in t s  in  b o th  th e  yZ and xZ
p la n e s  s h i f t  t h e i r  p o s i t i o n s .  In  the  case  o f  the  f o u r th  mode,
th e  s h i f t  a t  th e  modal p o in t s  i s  a maximum and o f  th e  o rd e r  o f
1 1 .1 $  f o r  90 degree  p r e - t w i s t  beams, in  the  xZ p la n e ,  which i s
q u i t e  a p p r e c ia b le .  However, th e r e  i s  a sm all change o f  the  
toodal p o s i t i o n  in  yZ p la n e .
The mode shapes f o r  beams o f  b /^  r a t i o s  4*1 and o f  
l e n g t h  3 9 6, 12 and 20 in ch es  a re  shown in F ig s .  (23) to  (27) 
up to  f i f t h  mode o f  v i b r a t i o n .  The change in  le n g th  has 
n e g l i g i b l e  e f f e c t  on the  f i r s t  mode. For tho second mode the  
e f f e c t  o f  change in  le n g th  has some e f f e c t  on xZ p lane  mode 
o n ly  f o r  th e  60 degree  and 90 degree p r e - t w i s t  beams. F o r  30 
degree  p r e - t w i s t  beam, i t  e f f e c t s  b o th  th e  p o s i t i o n  o f  Thodal 
p o i n t s  and th e  am plitude  o f  th e  maximum d e f l e c t i o n .  The
t h e o r e t i c a l  am p litude  changes a maximum o f  15‘a> and 28 .5$  i n
yZ and xZ p lan e  r e s p e c t i v e l y .  T h is  i s  th e  maximum am plitude 
change f o r  a l l  th e  p r e - tw i s t e d  beams shown on t h i s  g raph .
Fo r th e  t h i r d  mode, the  maximum s h i f t  in  th e  
t h e o r e t i c a l  modal p o in t  o ccu rs  f o r  tho  30 degree p r e - t w i s t  
beam as  shown in  F i g . (25)* The s h i f t  in  th e  p o s i t i o n  o f  the  
; ¥9$d a l  p o in t  i s  o f  th e  o rd e r  o f  6$. The t h e o r e t i c a l  change in
am p li tu d e  o f  v i b r a t i o n  due to  change in  le n g th ,  i s  maximum 
f o r  90 d e g rees  p r e - t w i s t  rand i s  o f  th e  o rd e r  o f  7 . 3$ and 5 . 73$ 
i n  xZ and yZ p lan e  r e s p e c t i v e l y .
I n  F i g . (26) th e  e f f e c t  o f  change in  le n g th  i s  
maximum in  th e  c ase  o f  30 degree  p r e - t w i s t .  The maximum e f f e c t  
on th e  t h e o r e t i c a l  am plitude  o f  v i b r a t i o n  a re  o f  th e  o rd e r  o f  
2 9 . 8$  in  yZ and 27*2$ in  xZ p la n e .  The maximum s h i f t  in  p o s i t i o n  
o f  th e  nodal p o in t s  ta k e s  p la c e ,  f o r  tho case  o f  90 degree 
p r e - t w i s t  beam and i s  o f  th e  o r d e r  o f  7 . 7$  in  xZ p la n e .  There 
i s  no e f f e c t  due to  sh e a r  and r o t a r y  i n e r t i a  on the  20 inch  long  
beams b u t  f o r  3 in c h  long  beam th e  e f f e c t  o f  sh ea r  and r o t a iy  
i n e r t i a  i s  o f  th e  o r d e r  o f  27 .2$  in  xZ p lane  f o r  30 degree 
p r e - t w i s t  beams, which i s  a. maximum amongst a l l  th e  c a s e s  
shown on th e  g rap h .
The e f f e c t  o f  change in  the  le n g th  on th e  t h e o r e t i c a l  
n o d a l  and a n t ip o d a l  p o in t s  i s  o f  c o n s id e ra b le  amount f o r  f i f t h  
mode, a s  shown i n  F i g . ( 27) .  I n  the  case  of 30 degree p r e - tw i s t
beam, th e  njaximum change in  am plitude i s  o f  tho o rd e r  o f  51*6$
i n  yZ p lane  and 22$ in  xZ p la n e .
The e f f e c t  o f  s h e a r  d e f l e c t i o n  and r o t a r y  i n e r t i a  
i s  a l s o  o f  c o n s id e ra b le  s ig n i f i c a n c e  f o r  th e  second, t h i r d ,  
f o u r t h  and f i f t h  mode o f  v i b r a t i o n  as shown in  F i g s . (24) to  ( 27 ) .  
T h is  e f f e c t  in c r e a s e s  w ith  h ig h e r  modes as can be seen in  
F i g . ( 27 ) f o r  90 degree  p r e - t w i s t  beams. I t  i s  o f  some i n t e r e s t  
to  n o te  t h a t  as  th e  ang le  o f  p r e - t w i s t  in c re a s e s  f o r  3 inch  
lo n g  beam, th e  modal p a t t e r n  changes c o n s id e ra b ly .  The number 
o f  iftodal p o in t s  i n  th e  yZ p lan e  changes from 2 to  4* The 
p o s i t i o n  o f  t h e o r e t i c a l  n o d a l  p o in t  changes a maximum o f
6 6 .7 $  in  th e  case  o f  90 degree  p re —tw is t  i n  yZ p la n e .
In  a l l  th o se  c a se s  tho  e x p e r im en ta l  r e s u l t s  and
6 5*
t h e o r e t i c  .1 r e s u l t s  a re  in  good agreement which confirm s t h a t  
th o  method o f  e x c i t a t i o n  and am plitude measurement i s  s a t i s f a c t o r y .
I n  F i g s . (28) to  (32) the  f i r s t  f iv e  modes o f  v i b r a t i o n  
a re  shown f o r  beams o f  b / ^  r a t i o  2§1 and le n g th  3 <, 6 , 12 and 20 
i n c h e s .  The d i f f o rc n c o  between t h e o r e t i c a l  .and e x p e r im en ta l  
r e s u l t s  i s  sm all in  th e se  c a s e s .  The e f f e c t  o f  sh e a r  and r o t a r y  
i n e r t i a  i s  n e g l i g i b l e  f o r  the  f i r s t  two modes as can be seen 
i n  F i g s . (28) and (2$)* The e f f e c t  o f  change in  le n g th  on nodal 
p o s i t i o n  in  the  t h i r d  mode i s  ve ry  sm all as shown in  F ig . ( 3 0 ) .
F o r  90 degree p r o - t w i s t  tho  e f f e c t  on the  am plitude o f v i b r a t i o n  
i s  o f  th e  o rd e r  o f  10 .8$  i n  th e  yZ and 11 .4$  in  th e  xZ p la n e s .
No e x p e r im e n ta l  r e s u l t s  a re  o b ta in e d  f o r  the  th re e  in ch  long  
beams.
F i g . (31) shows th e  f o u r th  mode o f  v i b r a t i o n  and th e  
maximum e f f e c t  o f  change in  le n g th  on th e  am plitude i s  o f  the  
o r d e r  o f  17*3$ j  18. 9$  and 21 . 2$ f o r  30 , 60 and 90 degree p r e - t w i s t  
r e s p e c t i v e l y  in  xZ p la n e .  The e f f e c t  on n o d a l  p o s i t i o n  i s  o f  
th e  o r d e r  o f  6 , 25$ , 5 . 55$  and 2 , 78$ f o r  3 0 , 60 and 90 degree 
p r e - t w i s t  r e s p e c t i v e l y  in  yZ p la n e .
I n  the  case  o f  f i f t h  mode, th e  e f f e c t  o f  change in  
l e n g th  on the  t h e o r e t i c a l  n o d a l  p o s i t i o n  i s  maximum f o r  30 
deg ree  p r e - t w i s t  and s h i f t s  th e  n.odal p o s i t i o n  by 11 . 6$  in  the  
xZ p la n e .  The maximum change in  am plitude  ta k e s  p lace  f o r  the  
90 degree  p r e - t w i s t  beam in  yZ piano and i s  o f  th e  o r d e r  of 
2 8 .8 $ .
No r e s u l t s  a re  a v a i l a b le  f o r  th e  mode shapes o f  
v i b r a t i o n  n e g l e c t i n g  sh e a r  end r o ta r y  i n e r t i a  and hence a 
q u a n t i t a t i v e  e s t im a te  o f  th e  e f f e c t  o f  s h e a r  and r o t a r y  
i n e r t i a  upon th e  mode shapes o f  v i b r a t i o n  i s  no t p o s s ib l e .
The v a lu e  o f  ”KM c o n s id e re d  f o r  a l l  the  beams i s
6 5*
t h e o r e t i c  „1 r e s u l t s  a re  in  good agreement which con firm s t h a t  
th o  method o f  e x c i t a t i o n  and am plitude measurement i s  s a t i s f a c t o r y .
In  F i g s . (28) to  (32) the  f i r s t  f iv e  modes o f  v i b r a t i o n  
a re  shown f o r  beams o f  b /^  r a t i o  2§1 and le n g th  3* 6 , 12 and 20 
in c h e s .  The d i f f e r e n c e  between t h e o r e t i c a l  and e x p e r im en ta l  
r e s u l t s  i s  sm all  in  those  c a s e s .  The e f f e c t  o f  s h e a r  and r o t a r y  
i n e r t i a  i s  n e g l i g i b l e  f o r  the  f i r s t  two modes as can be seen 
i n  F ig s .  (28) and (25)* The e f f e c t  o f  change in  le n g th  on nodal 
p o s i t i o n  in  the  t h i r d  mode i s  ve ry  sm all as shown in  F ig . ( 3 0 ) .
F o r  90 degree p r e - t w i s t  th e  e f f e c t  on the  am plitude of v i b r a t i o n  
i s  o f  th e  o r d e r  o f  10 .8$  i n  th e  yZ and 11 .4$  in  *fche xZ p la n e s .
No e x p e r im e n ta l  r e s u l t s  a re  o b ta in e d  f o r  th e  th re e  in ch  long 
beams.
F i g . (31) shows th e  f o u r th  mode o f v i b r a t i o n  and the  
maximum e f f e c t  o f  change in  le n g th  on th e  am plitude  i s  o f  the  
o r d e r  o f  1 7 *3$? 1 8 .9$  and 2 1 .2 $  f o r  30 , 60 and 90 degree p r e - t w i s t  
r e s p e c t i v e l y  in  xZ p la n e .  The e f f e c t  on n o d a l  p o s i t i o n  i s  o f  
th e  o r d e r  o f  6 . 25$ ,  5*55$ and 2 .78$  f o r  30, 60 and 90 degree 
p r e - t w i s t  r e s p e c t i v e l y  in  yZ p la n e .
I n  the  case  o f  f i f t h  mode, tho  e f f e c t  o f  change in  
l e n g t h  on th e  t h e o r e t i c a l  n o d a l  p o s i t i o n  i s  maximum f o r  30 
d eg ree  p r e - t w i s t  and s h i f t s  the  n.odal p o s i t i o n  by 11. 6$ i n  the  
xZ p la n e .  The maximum change in  am plitude  ta k e s  p la ce  f o r  the  
90 degree  p r e - t w i s t  beam in  yZ p lane  and i s  o f  th e  o r d e r  of 
2 8 .8 $ .
No r e s u l t s  a re  a v a i l a b le  f o r  th e  mode shapes o f  
v i b r a t i o n  n e g le c t in g  sh e a r  and r o ta r y  i n e r t i a  and hence a 
q u a n t i t a t i v e  e s t im a te  o f  th e  e f f e c t  o f  sh e a r  and r o t a r y  
i n e r t i a  upon th e  mode shapes o f  v i b r a t i o n  i s  no t  p o s s ib l e .
The v a lu e  o f  MK,! c o n s id e re d  f o r  a l l  th e  beams i s
1 .2 .  ?:vi :o r  beams o f  Id/  r a t i o  4 si and le n g th  s ix  in ch  and 
w i th  30 , 60 and 90 degree p r e - t w i s t ,  !,Kn va lu e  o f  1 .05  and 1 .5  
a re  a ls o  c o n s id e re d .  The e f f e c t  o f  t h i s  change in  l,Ku va lu e  on 
a l l  th e  modes o f  v i b r a t i o n  i s  sm all and cannot be e a s i l y  shown 
g r a p h i c a l l y .  As a consequence th e  r e s u l t s  a re  t a b u l a t e d  in  
T a b le s  (7) to  ( l l ) .
I t  would appear  t h a t  g e n e r a l ly  sm all changes in  
th e  t h e o r e t i c a l  mode shape have a n o t i c e a b le  e f f e c t  on f r e q u e n c ie s ,  
f o r  example f o r  tho  second mode 2 s i  b /^  r a t i o  beam th e  change 
i n  mode shapes  i s  too sm all to  be shown g r a p h ic a l l y ,  y e t  the  
change in  n a t u r a l  f requency  r a t i o s  i s  q u i te  l a r g e .  The e f f e c t  
o f  change in  nK" v a lu e  i s  too  l i t t l e  to  be shown g r a p h ic a l ly  
f o r  mode shapes  b u t  f o r  b /^  r a t i o  2 s l  and 4 ?1» t h i s  e f f e c t  on 
th e  t h e o r e t i c a l  f r e q u e n c ie s  i s  q u i te  l a r g e ,  e s p e c i a l l y  f o r  
f o u r t h  and f i f t h  mode as  shown in  F ig .  (7) and (8 ) .
The magnitude o f  th e  e f f e c t  f o r  sh ea r  and r o t a r y  
i n e r t i a  i s  n o t  e a s i l y  p r e d ic t a b l e  w ith  p r e - t w i s t  and i s  no t 
d i r e c t l y  p r o p o r t io n a l  ta b/^  r a t i o  and mode number. T h is  i s  
i l l u s t r a t e d  by th e  4*1 2 s i  b /^  r a t i o  beams, where the  e f f e c t
on th e  f i f t h  mode shape o f  th e  4*1 b /^  r a t i o  beam i s  g r e a t e r  
th a n  th e  e f f e c t  on th e  2 s i  b / ^  r a t i o  beam.
67
VO
wEh 
P  
P  pq 
p  
•  #»
M
OO
P
o
M
Eh
*cs
po
pq
P Q
pq
m
e h
pq cm 
otS5 •
fti H 
R w
PP  O I—I Eh 
P PP  pq 
* 5 ^
eh P
Is— I fZ-4pq o  
o  o  p  
p  
p
• tn o
p vo o><l * •pq in vo1 1
"si- in
i n CTv
« O oH • •
II o o
M 1 1
tn
o
w
O’
P
-feu
oM
E H
S L i n s a a
•a:xa
•  • 03 o
<y o 'vh CTpq h CT O
P  EH CT OP  <sj * .
p O H
O’ CQ 
ft
ft
O
P
M
• OO’ M 
pq EH
pft p
m  ftO '. o
ftft ^■ M
O  E H
S  £ft
'~s‘ UT\ra o  O P .  
o  M
ft ft  {^ j 
M
• s a s a s a a  
n  i s i m  
- s h <i  50  
g m u v
pq • p  o  o  ftSi
c -
v o
•
o
+
H
- d -
C T
CO
H
-v f-
i n 's J - O
• • •
H CM i n
II
P "'d- * v |-
V OCT
c r
o
M
E H
C v J 0 0 CM
• . *
+ - H CM in
II '=d- ' v h
P
c -IT\
V O(T
C T
•
o
V Oo
tn
-M -
-=J-
Oto
*=3-
O
O
M •
O+
CM
M
-M -cr
i n
CO
H
-M -
TT
H
O
O *
H
-=d-COCM
O
O
LT\
C T
•
LT\
- d --=d-
O VO
Min
I
in
t n
OI
M
C T»
C-I
Min
••
01
-M-in
o
+
in
-=d‘
C T
O
CO
CM-M-
COoo-•
H
OO
CM•
o
-±
t n
t n
COt r
«
Jfcd
tn
crc-~
CO
CMcr
M
t n
c^
00oo•
M
CM
COKj-
•vh
CM
-=d-tn
Mo
«
M
inVsO
•
on-M-
o
o r
E HCO
ftt-t
p
in
VsO
•
O-in
c o
tn
VsOtn
( T*
M
O
t n
M M
Q o
« *
C O
1
C T
1
tn
C T
■sh
•
OI
c r
COM•
o
+
tn
intntr
•
J=L
in-M-tnm
oi
H
t T -M
*
O
H -
C-
t>co
•
HH
-e*-
co-=d-lO
.
M
tn
tn
i >
c o•
- d -
t n
0 0
i n
- d -
0 0
C O•
H
CM tnH M
o O C^
« • •
M C O in
VO tn .o
0 0 0 0 €0
CM W O
o 00 in+^ 00 H
C T CO 00. 4 •
H M M
in C T
C T C T C Tvo in O• 4 •
CM C T n-
VO t n o
00 C O CO
O
VsO
VsO
i no
€ 0
*
M
t n
c r•
CM
O
0 0
M
H H
C O«
I—I
O
c r
o
P
ft
JO.
c oo
C"-H o •• % o
o- CT H1 1 1
t n o
v o O o
t n i n
• 4 4
o o o
+ + +
- v l- i n H
V O CM C T
V O c - 0 0
9 • •
i n i n i n
V O
C T -M - Q
M i n ’CM
i n CM V O
CM CM
c - t n M
V O co V O
i n * v t t no CM i n
• • •
V O V O v o
t n
( T
V O
CM
o
o
M
4
V O
CM
H
C * -
CM
- d *
CM
CM
V O
o
t n
M
crc
•
o
I
i n*
CO
t -
c * -
CM
t n
0 0cr
CM
V O
i n
c -
.
oo
0 0
CM
C O
t n
CM
t n
V O
o
V O
M
ft
E H
cr
OCTv
%
O
I
V O
o
(T v
CM
i n
voCTvin«
V O
-M* CT VOin o M
• • »
CM CM n -CM H ■"d-
c— 0 0 < T
CM CM CM
n -
CM
vo
»
v o
t n
t ncrv
CM
M
o
C T
TA
B
LE
-
CO
M
PA
RI
SO
N 
OF 
N
A
TU
RA
LF
RE
Q
U
EN
CI
ES
O
BT
A
IN
ED
 
BT 
CO
N
SI
D
ER
IN
G
- 
VA
RI
OU
S 
K 
V
A
LU
E
m
CO
ffi
EH
e»
J25
pqH
H
OO
CM
OW
EH
<!Ps
ao
<q
pqa
pqa
E H
PhO
Ph
pqO CM 
*pq m a  it
•
a
Xa
00C“—•
1
00*q-*
tn
1
in
%
CM
1
tn
.
■^h
1
CM
H•
in
1
inCM.
in
1pH WPhPh O M EH
pq pqcP pq<£j <4
LTV%
H
II
M
tn
H
CM
i
in
00
H
1
HCO•
H
1
COin«
H
1
tn
00«
H
1
tn
H.
CM
1
EH rH 
125 ^  pq o  o  o  
pq pqPh
ino•
H
II
a
c-o•
H
+
tn
cooe%
o
+
1—1 tn 
00 *
o
+
tn
H
00•
O
+
tn
cooe•
o
+
tn
H•
H
+
FR
E
Q
.
R
A
T
IO
. CMtnCM%
oH
CMCTi«
CM
CT*'sh«■>
CTe
CM
in.
inH
HCMCM«.
COH
HCMH
t>H
• s i t u s an
•TX3
" 1
o%
omin
■«d*
o•
tn
H
*3-'s}'
O.
inHCM
o.
HHCT*CO
O
00CM
CM0-
O.
inCM
coto­
• oO’ M pq EH
Ph 5!
coCMCMin•
oM
inMCP>o•
oH
P-
oCOin.
CTe
tn
H■^h
H.
COH
'vhinH
00.
COH
coHto-.
to-H
• m ^  ‘ 
O’ P  uM « n
a  1
Ph a  W ^  H
tn.
cr>c-
CO-H-
in•
p-
00
-'st-
in•
HinCM
00’»
E“-f*-H
t-
H
000-K-h
O
00c-00t-
•
• OO H
pq eha  <Ph a
t>■'d-o-.
oH
00CM*
oH
P~H
c-•
ere
CT\
tn•t
COH
Htn
H«
C-H
moH
COH
(F
R
E
Q
. 
11 
op
s) CM♦
H
II *
a
u>O.
CTem
'St'
CM•
CM
P-in
o>«
oCMtn
H•
CM
CJeCMP-
M
00H
CO
C-
tn»
oin
O00
• oO H
W EH
in
CO00.
oH
CM
eretn.
oH
CH(Tv
tH.
ere
CMtn
in.
COH
coereCM.
O-H
tr-otn
00M
•V oO P  
H O  Ha a  vPh H ^
tn.n
h#tn
00-'sh
kS.
• CO H CO■’vj-
CO.
cotntn
'sf
.
Htnm
O'­
liS.
HCO
COf-
FT•
H'H-
H00
sa a n o a a  k i  
i s i m - sh t  
s o  STONY
Otn oCD oere ■
er',tn. OCD oC?e
M
OD
E •oa
aEH
Oa
aEHaMa
68
CM
app<
EH
CO
M
PA
RI
SO
N 
OP 
NA
TU
RA
L 
FR
EQ
U
EN
CI
ES
 
OB
TA
IN
ED
 
BY 
CO
N
SI
D
ER
IN
G
 
VA
RI
OU
S 
K 
V
A
LU
ES
VO
M
EH
Ci5S3
pqp
H  
•  •
o
EH
EH
<3Ph
PhO
S<rj
PIPP
.PIW
EH
P hOPh
VD i~>
CO CO
^  pq 
-*J Ph 
P
Ljr U
pq
pq S3 
Ph M
•
CM-
CM
CM
9
d
CM
CM
•
CM
CM
©
VO
H
00
•
vo
H
tn-
©
d
CM
VO
d
E -
d
EH
00
i n
v o
EH
O
CM
M <
P
O  C\J
P  *
pq 1—t
Ph 11
•
P h
X
pq
CO
O
•
c— 
i
M
d
•
VO
1
d
vo
.
t n
1
EH
t n
•
cr*
1
i n
•
E -
1
d
d
•
EH
I
CM
EH
•
IE-
1
CT*
d
%
CO
1
m
c o
•
v o
1
pq w  *
Ph
P h O  
m  Eh 
P
P
pq pq 
p  pq
<q <4
t n
*
H
ii
«
d
CM
O
•
O
1
VO
CM
O
o
1
vo  
CM 
O  
* ’ 
o  
1
CT*
d
t n
«
c
I
CM
d
CM
*
O
1
(E-
E -
H
•
O
1
t n
0  
i n
CM
©
o
1
O'!
CM
d
•
O
1
d  
d  
i n  
• .
o
I
Eh P h 
S3 S
pq oo  o  
P h
pq
P4
i n
o
•
M
II
w
tn-o
M
O
•
o
+
CM
O
M
O
*
O
+
t n
EH
o
•
o
+
EH
t -
EH
•
O
4-
r -
CM
EH
O
+
CM
CT*o
*
o
+
00
EH
EH
•
O
+
CO
00
EH
«
o
+
t n
vo
CM
•
o
+
F
R
E
Q
.
1 R
A
T
IO
.
v oo
CTv
•
o
d
d
CT*
9
o
M
O
O
•
H
C-.i
CO
CM
t n
•>
t n
o
•
CM
v o
vo
e -
©
CM
CM
CM
H
EH
«
VO
d
dcn
»
vo
v o
CDo
CO
CO
• s i i n s s r a :
a x a
o
•
v oo
CM
o .
«
o
M
CM
• O  
•
EH
CM
CM
C
«
O
o
•
CM
v o
VO
O
•
i n
EH
VD
O
©
CT*
i n
t n
EH
o
•
d
d
i n
EH
O
COcr ; 
c —
EH
•
•  o
O ’ M
pq eh
Ph
P h M
M
CM
O
O
•
M
m
cr*o
O
•
EH
E -
CM
CM
O
•
M
VC
i n
VO
♦
t n
d
c n
EH
CM
•
v o
H
O
00
*
CM
d
d
EH
VO
•
v o
EH
CT*
m
i n
•
CM
d
t n
v o
•
00 
......  —  .
i n  •  02 
« O  f t  
H H  o
1! S
W  P h Is ?
N— H
M
VO
•
CM
CM
CM
EH
d
.
d
CM
CM
00
t n
•
o
CM
CM
i n
CM
+
EHoo
cr*
d •
d
EH
e -
d
CT»*
CM
CM
VO
O•
o
e -
d
EH
t n•
v o
tn-
vo
EH
CMO-•
cr*
H  cr* __hri_
«
•  O
O  EH 
P  EH 
Ph <  
Ph p..
d
hH
O
O*
M
i n
c n
O
O
•
t~H
O'!
CM
CMo
*
1—!
oE-
VO•
tn
d
EH
CM
CM•
m
tn-
VOo
CO♦
CM
00
CM
VO*
vo
i n
EHt>
i n•
t n
EH
00
v o
CO
ra
CM • f t  • O  O
m  pq 
II p q p  M Pm
VO
VO«
CM
CM
CM
C-
d■ •
CM
CM
i n
d
•
• CM 
CM
EH
O•
VO
EH
CO
i n
CM 
• •
v o
EH
E -
VOo
•
d
CM
VO
uO
VO
P
d
EH
i n
•
t n
00
v o
EH
CM
•
o
t n
CT*
EH
O5 o
fx3 1—1 
Ph EH
*  s
M
O
O
•
M
CT\ 
O  
O  
•
H
t n
CMo
•
EH
v o
D -
VO
•
t n
i n
i n
CM
CM
«
t n
d
CT\
o .
CO
•
CM
i n
t n
v o
«
v o
i n
CO
i n
•
d
O
tn-
•
00
i n  cq 
O  •  A
•  o  o
M  pq
II Sis;
►3 Ph m
CT*
VO
•
CM
CM
CM
t n
CT*
d
•
d
CM
CM
CO
d
•
C'-
CM
CM
cr*
t n
•
EH
CO
E -
EH
•
e -
1 EH r 
C -
i n
v o
«
d
CM
VO
CM
d
•
i n
e -
d
EH
O'l
m
v o
«
v o
00
VD
EH
EH
t n
•
i n
t n
cr*
EH
s s n i f M r  n i  
i s i M - a a a
N O  a i D N V
O
t n
O
VO
o
CT> ot n
O
VD
o
O'.
O
t n
o
VO
o
CE
pq • p  o  o  p
n
EH
ZQ
pq
eh
P h
Cli-._,
i=—.oo
pq
ZD.
EH
w
6 H
-♦ ww*. -tVxoi • nm*
tn
TA
BL
E
CO
M
PA
RI
SO
N 
OP 
NA
TU
RA
L 
FR
EQ
U
EN
CI
ES
 
OB
TA
IN
ED
 
BY 
CO
N
SI
D
ER
IN
G
- 
VA
RI
OU
S 
K 
V
A
LU
ES
VD
wEH
to
&
H
0 «vj-
oM
EH<3
P h
'O
PhO
<Sto
PP
pqto
EH
toO
Ph
V? V-* , { O  i r -  i r *  I frn CO [ O  i '°i* J
S e  ;Q O  j 1 CM VI’" 1 o  j CA |
• <  s*4 v s  1 CM 1 <7* hH I 1 O  I
h  M  j s n  ;
. H
h \  1 v\! «A  1 lT \ 1 y-j j
to • VD VO
o ■Ph e'­ M i n i n '=H*
t o  CM X e n H * • Ojj£J # pq • • « VD vH- «
pd H ID CO 1 t t n
pq 11 1 1 1 I
Ph t o
Ph
H  O i n i n ID C— CM
pq eh • i n hH ■=H- o O '
w i n VD i n C - * v opq n II « • » o CM •ci> pq t o o O o % H<4 p4 i 1 1 CM I 1«
to P h i npqg O M CMo  o • C- VD crv H hH
P h O hH CM t n CM O 00
pq li * CM CM O H •
P h t o O * /  • 0 • o
+ O ' o H H ♦ -......Hr H» -I* »
* m t - 00 CM
O ’ o i n VD o o CM O
p3 hH "M- • • VD 1—1 VO
P h Eh • t n CM • ■M- •
P h i n
hH
HH hH hH
CM
*
s h  
. CM
VD
CM
6 Oo » • O i n CM
•
i n
i n
t n 00
*
CTV
•
CM
•
hHo VD o CM O
d j L i i ^d- t n CM 00 'H- CTv
t n 'vh i n i n
• O O CM VD W3 t n H
O hH M CT> VD VO o CM
p q EH M O * « CT>
Ph . * « CM i n •to Ph
.—s
1
6
EH
t n
H
CM CM
r->_
VD
CM
LTV •  01 o O M * * i n
• O  P h • * » o VD •
H  p q  O
a
CM i n VO 'M*
it p 4 CM O O i n CO
t o  P h £5 i n CM CTV i n i n CTv
v ^ H t n t n CM i n
' u i 1
CM hH t - CM hH CM
• O O CO m i n n -
O H o i n h t hH i n t n
EH CM » * • • #
% **■ t n t n i n t >
P h P h VD hH H CM CM. CM
__^ t n o
OJ •  02 o O o o O CM
•  O  P h ♦ • • • • •
H  Pq o CM CM H n - H D
II pH O "cf CM •=H* 00 00
t o  Ph f e ID CM CTv hH VD O
' —' H t n t n CM i n i n VD
•> « M H CM
O O CM G> .. CO hH i n
pq H VO VD hH hH CTv
P h EH CM • H "M" co i n
Ph * "=q_ • • ♦ •pH ID hH t n t n i n t >
H  •• H CM CM CM
i n ......... oO  O  02 CO CO hH 00 VD
• pq P h » • « « •
H  pq O H o CO CTv 00 i n
1$ P h HH i n CM CTv t n t n
t o ' - ' f e : ID CM c r\ H C~ H
M t n t n CM i n t n • v o
issns& a c r
a s i f t s a w
so  tFiocr
o
t n
O 90 o  • t n 09
06
to
pq EH
pq • Eh Pho  o HS  to [do
P h
70
ipqpq
pq
<
E H
CO
M
PA
RI
SO
N"
 
02?
 
NA
TU
RA
L 
FR
EQ
U
EN
CI
ES
 
OB
TA
IN
ED
 
BY 
CO
N
SI
D
ER
IN
G
- 
VA
RI
OU
S 
K 
V
A
LU
ES
’
CD
WEh
i
E3
M 
•  •
00
oH
EH
P
pHo
<
pqp q
pq
W
E H
S
Ph
i_> M CO }Z>m
<  pq
p  P=S
© Mh 
0*0
PM-H
p qp  CM 
& *pq m 
«  ii pq w
*frpHPh O hH EH
P
P
w  p q  p  S<-4 ^  *HEH p
p q  o o o 
Pcj P  
P 4
P
X !pq
in
•
M
II
w
■tfVio
II
w
• oO' hH 
pq Eh
Ph
siunsan
• a x a
• o
O ’ M
p q  e hPh
P h  p q
in • to 
• O’ P  M pq o 
II P  XI Ph 5^
• OO’ M
p q  e h  
pq
Ph P h
• mOJ O’ ft
. »pq o  
H  pq II Ph £3
• O
O ’ M
pq eh 
P3 <4 Ph P4
in • ra 
O O P  • pq o
EH P h
II Ph £5
S! S &
&o a i o m
pq
P  •o o 
S  is;
H tHH
CM
CM
m
EHI
COMO
•
oI
tnhHo«
o
+
CMW
Oo
*
hH
O
oJ—I hH
CDMOo
H
-M"tn
hH
Oo
*
hH
00intn
•
h H  H I—I
CM
C O
hHOO%
hH
00tn
hH
Otn
o
CMH
H
tn
hHH
»
H
00in
CO
tn tnt*—tn
CDtno
H
CM
00
a
J tL
cn
hH
*
MI
C D
C O
•
HI
M
CM
-cE*
OI
CMO
C O•
oI
crcr
cr
9oI
CD"M-«
I
in
00
CD
I
H
ino9oI
C"-o
•o
i
C30XM-O«o
I
CDtno•o
I
00
CMo
o
I
00cr
o
I
hH
CM
•
O
I
in
O
•
o
-±-
o
o4-
00^hO
%
o
- i -
CDtno♦
o
- i .
00
CMo
9o
4-
crcrH
o
-±-
hHM
CM•
o
+
CMHOO
•
M
tn
hHOo
hH
H
00cr
in
M
CM
H
00
CMtn
<*
tn
"sh
P -
M
C O
9
ML
CM
CM
tP-
«
O
h H
hH
hH
h H
CM
H
hH
cr
P -in
P -in
' nE
o
p -tn
ooincr
o
*
CM
<r
H
H
tn
O
hH
O
hH
in
'M'
CM
O
.*
M
CM
CMtn
CM
hH
CTv
00
00
•
tn
hH
hH
tn
in
CM
CM
m L
hHCT>
9
o
00in
in
CMtn
hH
hH
cr
in
'M-
CTv
CTvintn
•
tn
CMin
9
tn
p -tn
CM
r -
p -
CM
cr.
Mtno
hH
CDco
m
H
H
p -
CM
H
in
CM
Mo
9
h H
P -
"vh
CMo
9
hH
Mtn
CM
in
p -
mtn
«<-
CM
M
J=L
CTv
CO
•tn
H
-h—
-M"
hH
00in
intn
hH
9
’vh
-tn-
p -
hH
C Dtn
t n
h H
CM
Htn
•
CT
hHin
9
hH
hH
in.
p -
•
c rin
Kh
CM
P -
•
tn
p -tn
CM
*
intn
O
hH
CM
9o
00
CM
H
C D
hH
O
j =L
hHtn
CM
o
p -
CMtn
CM
9
M L
H
p -tn
h H
r -
CM
CDtn
9
tn
h H
Htntn
«
cr
in
p -in
hH
"•H"tntn
•
CM
hH
h H
H
cr
tn
M
h H
o
C D
ocr
tn
hH
COin
otn
CM
cr
•
crin
-4-
O
CD
tn
co
«
m
tr-tn
ocr
cr
CM
*
p -tno
M
Otn
crcr
9
CM
00
CM
H
O
CD
E H
CO
P4
h H
Ph
O
O
p qca
P
P4
hH
«
E H
Ocr
hH
•
tn
I
CMin
w
•o
I
CMin
hH
o
- ± -
tn
*4*
hH
CM
h H
O
9
ointn
h H .
hH
'4 -
*
CM
h H
CM
•
tn
ootn
H
in
I
tno
00
^ h
CM
C -
00tn
hH
tn
crcr
Kh
•
CM
H
COin
•
cr
ootn
H
O
cr
TA
BL
E
CO
M
PA
RI
SO
N 
Off
 
NA
TU
RA
L.
 F
RE
Q
U
EN
CI
ES
 
OB
TA
IN
ED
 
BY 
CO
N
SI
D
ER
IN
G
 
VA
RI
OU
S 
K 
VA
LU
ES
 
FO
R
VO
WEHt±>
Jss
pqP
M
CO
oM
EH
>
PhO
Wp
pq
w
EH
pqo
Ssi cvj 
pq •  w  M pq II 
Ph W 
P h
H  O  P Eh
pq p  e> pq
<J pel Eh «=q 
S  Ph
fcq s  o  o
Ph OpqPh
O  p  Gf Pco fD pq oco pq 
p*<i pq ph!^ 
R .Si ,h
-sj-
00
00M V£
v oC—D-H
HH
€0H
o
m
CM
C-
t n
P h
Xpq
in
•
hh
II
LTVO
•
M
II
w
o
O ’ M
pqpPh
Eh
‘ s s m s a a  
•axa '
• O
O f  M  
PQ Eh P  <H
P h P
✓—V VOin •  ra *
# O f  P OH Pq o 00
ii pq 00
W  P h Js ; H
O f  Opq mP  EH Ph gj
 cb.
C\i • CO 
• Of Ph m pq o 
II P  
W Ph
O 
O ’ M
pq Eh
Ph <  Ph Ph
in o  
•  *
HH O f
II Pq
W P I
Ph
^  ■ '-*
CQ
P hO
$2!
HH
s s a n o a a  s i  
i s i M a a i
gO fflONV
pq • p  o  o  p
o-m
CO«
o
I
COc-*
t n
i
CM
CM
•
HI
VOo-
t n*
o
I
votnH•
O
I
0- 
v o1—I 
•
o
I
HO
•
ot
CM
CVJ
«
O
I
V O
CM
O
«
o
+
M
VOO
•
o
+
CM
i n
i n
«
o
+
t n
CM
o
+
v oo-
%
VO
i n
t n•
inM
coovo
«
in
h h
vo
t n
t n«
t n
t n
in
vo
COH
O
*
i>oc-
HH
O
*
incot -M
o
voo
t -
t n
voH
CTV
•
V OM
in
t n
cn'•
in
\oco
hH
»
VOH
VO
CO
t n
•
t n
t n
HH
VO'•
Mt>-C-
HH
i n%
Oo
00
inin
*
H HM
C-tn
r-tnco■»
voH
O
CM
VO
crv
inJcsL.
vovo
CM
•
VOH
vo
•
t n
t n
O
CM
•
tn
cocoH
CO
tn
«
C-
H H
i nH-
•
H-O
COM
H H
«
O
CM
t n
CM
CO
•
VO
H H
CO
t n
00
00
tn
h-
<o
•
inM
VQ
•
in
c-
v o
<jv
CM
•
V O
H H
t n
H
*
H H
H H
00
H H
i n
t n
«
tn
t n
CTv
H H
•
o>
CM
1 -
t n
otn ov o . oo v Ot n
M
EH
pq
P
o
P h
o
CO
CO
i n
m
tn
CM
«
H
I
CM
i n
t n
•
O
I
■=M"
C -
O
•
o
+
v o
H H
00
«
Htn
o
»
tn
i n
t n
tn
O
H
•
CMtn
CM
CTv
•
00
VD
i n
t n
HH
CM
•
CMtn
vo
CO
i n
t n
HH•vt-
CM
«
CM
t n
CM
CM
•
CO
i n
t n
O
vo
ffl
EH
p H
HH
P h
e
H
t n
t n
vo
i n
•
I
CM
•
O
1
v o
■sh
M
«
O
+
t n
t n
«
o
t n
H H
v o
CM
t n
i n
vo
vo
•
O
t n
HH
H
•
CTv
O"vh
t n
CM
i n
c -
•
otn
•
C -
H H
-s ttn
co
otn
i ntn
•
CM
CM
tn
O
CO
72
vo
I
pq
PQ
<1
EH
73.
COMP Aljl SO IT BETWEEN THE EFFECT OF VARIOUS MKM VALUES PIT MODE SHAPE
FOR BEAMS OF h /d  RATIO 4 s i .  LENGTH 6n
FIRST MODE - FOR 90° PRE-TWIST BEM
Length DEFLECTI01T IN xZ PLANE ' DEFLECTION ID  y Z  PLANE
i _XxcLv X O
7
K= 1 .0 5 11 i—1 *ro
1
K= 1 .5 | K= 1.05i
K =1 .2 K= 1 .05
.1 0.00127 0.00127 0.00128 -0.01847
j
- ------ — 1—
- 0 .07848 1- 0 .01852
i
j
.2 0.00797 0.00798 0.0080 |
i
- 0.07012
1
f
- 0 .07015
!
1
- 0.07021
.3 0.02332 0.02332 0.02332 - 0.14897 - 0 .1 4 9 0 1 j
:
-0 .14914
.4 0.04872 0.04874 0.04876 - 0.24840 -0 .24843 '-0 .24852
.5 0.08382 0.08382 0.08357 -0 .36205 -0 .36217 -0 .36223
.6 0.12697 0.12695 0.12698 -0 .48445 -0 .48451 -0 .48461
.7 0.17581 0.17582 0.17583 -0.611501 -0 .61155 -0 .61161
.8 0 .22795 0*22795 0.22795 - O . 7 4 0 5 7
I
-0 .74060 -0 ,74062
.9 0.28152 0.28152 0.28152 -0 .87024 -0 .87028 -0 .87031
1 .0 0.33543 0.33543 0.33543 - 1 . 0 0 0 0
j
j - 1 . 0 0 0 0 - 1 .0000
?
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74.
COMPARISON BETWEEN THE EFFECT OF VARIOUS "KN VALUES ON MODS SHAPE
FOR BEAMS OF h/d  RATIO 4 si ,  LENGTH 6M
SECOND MODE -  FOR 90° PRE-TWIST BEAM
Length
R atio
V
DEFLECTION IN xZ PLANE DEFLECTION IN yZ PLANE
;k = 1 .05 IC = 1 .2 K = 1.5 K * 1.05 ; K = 1.2 | K = 1.5
.1 0.00656 j 0.00671 0.007053 0.03325 ! 0.03327\
i
0.03336
.2 0.02135 0.02162 0.022314 0.10325 0.10328 0.10328
.3 0.04801 0.04840 0.04940 0.17484 0.17484 0.17480
.4 0.09590 0.09640 0.09765 0.22539 0.22539 0.22523
.5 0.17463 0.17521 O.I7658 0.24449 0.24490 0.24484
.6 0.28940 0.29002 0.2988 0.23463 0.23463 0.23461
• 1 0.43864 0.43920 0.44031 0.20207 0.SP212 0.20225
.8 0.61427 0.61471 0.6156 0.15698 0.15712 0.15738
.9 0.80482 0.80502 0.80551 0.10705 0.10725 0.10767
1.0
«
1 .000 1.000 1.000
1
0.05617 O.O564I 0.05700
1
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75.
COMPARISON BETWEEN TEE EFFECT OF VARIOUS "K" VALUES PIT MODE SHAPE
FOR BEAMS OP b/d RATIO 4 si ,  LENGTH 6"
THIRD MODE -  FOR 90 PRE-TWIST BEAM
Length
R atio
n
DEFLECTION IN xZ PLANE j DEFLECTION IN yZ  PLANE
K= 1 .05 K = 1 .2 K a* 1 .5  I K= 1.05
.
K = 1 .2
.
K= 1.05
.1 0.05468 0.05618 0.05903 * -0.06553 -0 .06624 -0 .6794
.2 0.19296 0.19546 0.20024 j
(
- 0.24016 -0.24132 -0 .24412
.3 0.39496 0.39788 0.4035 1
|
-0 .45884 -0 .4609 -O.4629
.4 0.60701 0.60981 0.6151 | -0 .62417 -0 .62514 -O.6274
.5 0.75086 0 .7 5 3 06 0.7570 -0.65411 -0.65469 -0 .6559
♦ 6 0 .75414 0.75554 0.7576 - 0.51562 -0.51557 -0 .5157
.7 0.58327 0.58367 0.5838 -0.22897 -0.22877 - 0.22829
.8 ; 0 .25841 O.25785I 0.25628 0.15168 0.15208 O.15290
.9 ! - 0 .10644
t
-0 .16184 -0.16498 0.57226 0.57266 0.5733
1 .0
------------
1 -0 .60993
1.......................................................
-0 .61203 -0 .6163
!
1.0000
...
1.0000 j 1 .0000
It
76.
COMPARISON BETWEEN THE EFFECT OP VARIOUS "K" VALUES OH MODE SHAPE
FOR BEAMS OP b /d  RATIO 4 ;1 »  LENGTH 6"
FOURTH MORE -  FOR 90° PRE-TWIST BEAM
Length
R atio
n
DEFLECTION IN xZ PLANE >| DEFLECTION IN yZ PLANE
K= 1 .0 5  j K = 1 .2  ; K« 1 .5  : K= 1 .05  ; K= 1 .2 K= 1 .5
, i 0 .00179 0.00251 1
i
0.00322 O .I85I 6 0.18633 O .I887
.2 -0 .00453 - 0 . 00490!
iJ
-0 .00490 0.48335 O.48466 0.48726
•3 0.027186
1 . iinr 1 if
0.02935  | 0.03403 0.640101
0.64122 0.64322
*4 0.14469 0.14697 | 0.15177 ; 0.56632
| .......... -
0.56731 0.56921
.5 0 .32560 0.32711 | 
I
i
0.33061
ii
! 0.32947 0.33042 0.33252
.6 0 .46060 0.46049 1
1
0.46199 0.06831 0.06927 0.07122
.7 0 .41204 0.40501 1
1 I
j ]
0.4091 -0.11083 -0 .11031 -0 .10929
, 0.10781 I 0 .10632 j 
! i
0.103592 ' - 0.18725 -0.18752 -0 .18812
I
! -9 -O .40468
j 1
- 0 . 4 0 5 8 1 !
f 1
(Hf~i 
1
CO 
1  
O
.
9 -0 .20344 -0 .20461 | -0 .20701
1 1 .0 -1 .0000 :
i
j -1 .0 0 0
1 . !
-1 .0 0 0 | -0 .20377 | -0 .20561 | -0 .20951
i
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77.
COMPARISON BETWEEN’ THE EFFECT OF VARIOUS MK» VALUES PIT MODE SHAPE
FOR BEAMS OF b /d  RATIO 4 :1 ,  LENGTH 6,f
FIFTH MODE -  FOR 90° PRE-TWIST BEAM
Length
R atio
DEFLECTION IN xZ PLANE DEFLECTION IN yZ PLANE !
k= 1 .0 5  ; K= 1 .2  ; u m K= 1.02 K= 1 .2 K= 1 .5  }
1
.1 0.16068 0.17161 0.19321 1
i
0.24846 0.23475 0.20742 j
|
.2 0.44729 0.46581 .
0.50201 j
i
0.37097 0.34082 0.28237
.3
l
0.804145 0.81892 0.84762 |
I
0.10363 0.10099 0.10023 !
-. . . . . . . . . . . . . J
.4 1 .000 1 .000
.
1 .000 -0.14369 -0.14141
H
- 0.13723
.5 0.73218 0.72045 0.69785 -0 .07281 -0.05259 - 0.01364
.6 O.OIO85 0.01002 0.01001
!
0.25507 0.27401 0.31072
1 ' 7' *' -0 .67841 -0 .66975 - 0.65471 0.44694 0.45322 0.46561
.8 -0 .74880 -0.73391- - 0.70642 0.24826i1
0.24389 0.23522
.9 -0 .06965 - 0.069681 - 0 .07064li
! - 0.25281 -0 .26161 - 0.27907
1 .0 0.96471 0.9359
j
1 0.88045 -0 .83597 -0.845121 -0 .86307
I. . .  . . -. -----
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C H A P T E R  6 
CONCLUSIONS
The e q u a t io n s  o f  m otion  o f  p r o - tw is t e d  beams 
a l lo w in g  f o r  s h e a r  d e f l e c t i o n  and r o ta r y  i n e r t i a  e f f e c t s  have 
been  so lv ed  by t r a n s fo rm a t io n  o f  th e  o r i g i n a l  e q u a t io n s  in to  a 
s e t  o f  s im u ltan eo u s  f i r s t  >-order d i f f e r e n t i a l  e q u a t io n s  fo l lo w ed  
by  a Runga-Kutta  s te p  by s t e p  i n t e g r a t i o n  p ro c e s s .  The method 
i s  found to  be s t a b l e  ove r  th e  range o f  p a ram ete rs  t e s t e d  in  
t h i s  work. Good agreement i s  o b ta in e d  between th e  t h e o r e t i c a l  
and e x p e r im e n ta l  r e s u l t s  f o r  beams o f  b / d r a t i o  ^  4 and 
l e n g t h  g r e a t e r  th a n  o r  eq u a l  to  s ix  in c h es  and i t  can  bo 
co n c lu d ed  t h a t  th e  n a t u r a l  f r e q u e n c ie s  and mode shapes f o r  
such  beams can be c a l c u l a t e d  w ith  c o n f id e n c e .
F o r  beams o f  b / d r a t i o  4*1 and more and L /d r a t i o  
8 0 s l  o r  more, th e  e f f e c t  o f  s h e a r  d e f l e c t i o n  and r o t a r y  i n e r t i a  
i s  n e g l i g i b l e .  F o r  beams l e s s  th an  20 in c h e s  in  le n g th  and 
b / d  r a t i o  l e s s  th a n  4*1» s h e a r  and r o t a r y  i n e r t i a  e f f e c t  should  
be  in c lu d e d .  F o r  beams o f  b / d r a t i o  2 and le n g th  s i x  in c h e s ,  
th e  d i f f e r e n c e  between the  t h e o r e t i c a l  and ex p e r im en ta l  
f r e q u e n c y  r a t i o s  i s  app rox im ate ly  9 * 3 I t  i s  concluded  t h a t  
f o r  s tubby  beams o th e r  e f f e c t s  b e s id e s  s h e a r  d e f l e c t i o n  and 
r o t a r y  i n e r t i a  e f f e c t s  a re  p r e s e n t ,  which accoun ts  f o r  the  
d i f f e r e n c e  between the  t h e o r e t i c a l  and e x p e r im en ta l  r e s u l t s .
E f f e c t s  such as  l a t e r a l  i n e r t i a  duo to  d i s t o r t i o n  o f  c r o s s -  
s e c t i o n  in  i t s  own p la n e ,  damping, ro o t  f l e x i b i l i t y ,  non- 
l i n e a r i t y  in  p r e - t w i s t  .and v a ry in g  beam p r o p e r t i e s  and 
d im ens ions  may account f o r  t h i s  d isc rep a n c y .
For th e  beams o f  b / d r a t i o  8 si and le n g th  s ix  
i n c h ,  th e  d i f fo ro n c o  between th e  t h e o r e t i c a l  and ex p e r im en ta l  
f re q u e n c y  r a t i o s  i s  lo s s  th a n  7*5$* TllG agreement between
th e o re t ic : . . !  and e x p e r im en ta l  mode shape i s  good up to  th e  f i f t h  
mode. The d i f f e r e n c e  between th e  t h e o r e t i c a l  and ex p e r im en ta l  
f req u e n cy  r a t i o s  was found to  be g r e a t e r  as  th e  b / d r a t i o  and 
l e n g th  d e c re a se d .
The e f f e c t  o f  s h e a r  de fo rm a tio n  and r o t a r y  i n e r t i a  
i s  dependent upon b / d r a t i o ,  p r e - t w i s t  ang le  m tir bm^| ffStaBUfr.
Also s h e a r  d e f l e c t i o n  and r o t a r y  i n e r t i a  d e c re a se s  th e  n a t u r a l  
f r e q u e n c i e s  o f  v i b r a t i o n  as  compared to  r e s u l t s  n e g le c t in g  
t h e s e  e f f e c t s .
The e x p e r im en ta l  f requency  v a lu e s  a re  always found 
t o  bo low er th a n  th e  t h e o r e t i c a l  r e s u l t s  even though the  e f f e c t  
o f  s h e a r  and r o t a r y  i n e r t i a  i s  ta k en  in to  acco u n t.
The c a l c u l a t e d  mode shapes show good agreement w ith
e x p e r im e n ta l  r e s u l t s ,  f o r  a l l  th e  b /  r a t i o  beams t e s t e d .d
The s h e a r  d i s t r i b u t i o n  f a c t o r  e f f e c t s  th e  n a t u r a l  
f r e q u e n c i e s  and mode shapes o f  v i b r a t i o n s ,  however a v a r i a t i o n  
i n  th e  s h e a r  d i s t r i b u t i o n  f a c t o r  o f  n e a r ly  0^% k&s o n ly  a
2,13)% change in  freq u en cy  v a lu e s  and an even s m a l le r  change in  mode
shape v a lu e s .  Thus the  ex ac t  v a lu e  o f  th e  f a c t o r  does no t 
a p p e a r  to  be o f  g r e a t  im p o rtan ce .  In c re a s e  in  s h e a r  
d i s t r i b u t i o n  f a c t o r  r e s u l t s  i n  a d ec rea se  in  f requency  v a lu e s .
C H A P T E R  7
FUTURE WORK
I n  th e  p re s e n t  work th e  agreement between th e  
t h e o r e t i c a l  and e x p e r im en ta l  r e s u l t s  were n o t  v e ry  s a t i s f a c t o r y  
f o r  th e  s tubby beams. I t  i s  c o n s id e re d  t h a t  f u r t h e r  work would 
be  w orthw hile  to  i n v e s t i g a t e  th e  o th e r  secondary  f a c t o r s  c a u s in g  
t h e  d is c re p a n c y  between th e  t h e o r e t i c a l  and e x p e r im en ta l  r e s u l t s .
The p re s e n t  work i s  p a r t  o f  a l a r g e  s c a le  r e s e a rc h  
programme a s s o c i a t e d  w ith  the  v i b r a t i o n  c h a r a c t e r i s t i c  o f  
p r e - t w i s t e d  b la d in g .  A l o g i c a l  e x te n s io n  o f  th e  p r e s e n t  work 
i s  to  c o n s id e r  th e  e f f e c t  o f  s h e a r  and r o t a r y  i n e r t i a  upon the  
v i b r a t i o n  c h a r a c t e r i s t i c  o f  beams w ith  d i f f e r e n t  end f ix i n g s  
and a l s o  to  e x ten d  the  work to  a llow  f o r  c e n t r i f u g a l  t e n s i l e  
e f f e c t s .
A P P E N D I X  -  1 
1 .  B asic  Energy R e la t io n s h ip  o f  a Beam w ith o u t  Shear
Deform ation and R otary  I n e r t i a  E f f e c t s ?- 
1 .1  F o rm u la t io n  o f  Bending Moments and Shear F o r c e s s -
When a t r a n s v e r s e  lo a d  i s  a p p l ie d  on a b la d e ,  as 
shown in  F ig .  1 ( a ) ,  i t  e f f e c t s  the  bend ing  moment Mx and My on 
th e  f a c e  o r  c r o s s - s e c t i o n  o f  th e  e lem en t.
Assuming t h a t  i n i t i a l l y  p lan e  s e c t io n s  rem ain p lane  
a f t e r  ben d in g , th e  s t r a i n  e on any lo n g i t u d i n a l  f i b r e  i s  g iven  
b y :
S t r a i n  e on f i b r e  due to  bend ing  * (a  d ^ +  b d ^ j  2 ) / d Z  (Al)
where a  « d i s ta n c e  o f th e  c o n s id e re d  f i b r e  from th e  
n e u t r a l  f i b r e  i n  th e  x - d i r e c t i o n .  
b * d i s ta n c e  o f  th e  c o n s id e re d  f i b r e  from th e  
n e u t r a l  f i b r e  i n  y - d i r o c t i o n .
and * dx ; o 35 ^21  (A2)
* < dZ ' dZ
F ig u re  l ( a )
L e t t i n g  and be the  r a d i i  o f  c u rv a tu re  a t  a beam element 
due to  bonding  in  th e  xy and yZ p la n es  r e s p e c t i v e l y ,  th e n :
E1 d 4  1 = d4 2  = ds = dZ  (A3)I
where ds= curved  le n g th  o f  th e  n e u t r a l  f i b r e  f o r
sm all d e f l e c t i o n s ,
dZ * i n i t i a l  le n g th  o f  th e  n a t u r a l  f i b r e
b e fo re  d e f le c t io n s *
Hence from (Al) and (A3):.
e = a__ + b__  (A4)
R1 **2 
Thus th e  s t r e s s  f  on th e  f i b r e  i s :
^ -n Ea , Eb , . c \f  « Ee * —  + —  --------(A5)
h  2
U sing  th e  e q u a t io n  (A2) and (A3) th e  fo l lo w in g  e x p re s s io n  can 
be w r i t t e n :
i _ = l + i  = £ A 5 1 _  “ l l i  “ f a   ( a s )
E dZ dZ2 H2 dZ dZ
S u b s t i t u t i n g  e x p re s s io n  (A6) in to  e q u a t io n  (A5):
f  = E a ( ^ - | )  + E b { ^ - | )  — ---- (A7)
'  dZ ' S dZ '
The lo n g i t u d i n a l  fo rc e  dF on th e  f i b r e  i s  g iven  b y :
/ , 2  x , .2 .
dF = fdA -  Ea f— §  j dA + Eb ( — 5  ) dA -------- (A8)
\ dZ /  VdZ /
I f  XX and yy  are th e  axes through th e c e n tr e  o f  g r a v ity  at
any c r o s s - s e c t i o n  o f  the  beam a f t e r  d e fo rm a tion  and a re
p e r p e n d ic u l a r  to  each o th e r ,  th e n  moments o f  the  fo rc e  dF
ab o u t th e se  a x is  i s  g iv en  by :
dMx « dFa and dMy = dFb r e s p e c t i v e l y .
2 2 
Thus: dMx = E f^ ~  j  b2dA + E j ^  dA -------
and s im i la r ly  s
.2 v « / , 2  \
I n t e g r a t i o n  o v e r  th e  b lade  c r o s s - s e c t i o n  g iv e s  th e
t o t a l  momonts Mx and My on th e  face  o f  th e  e lem en t,  namelys
2 2
Mx = E Iy y  ' - i f  ' + E Ixy  ) --------(A l l )
' d.ZT dS
My = E Ix x  [ ^  ! + E Ixy  5 ^A12^
! dZ \dZ '
The t o t a l  s h e a r in g  f o r c e s  on th e  face  o f  the
e lem en t a re s
= « x  j y  =----------------------------------------------- (A13)j f x  d z  a n a  * y  d z
and th u s
■n dFx = —  
dZ
Jk  Xyy ( ^ - §  j  + E Ixy   r (A14)
I  dZ ' dZ ‘j
Sir -  —  I e  Ixx f^)+  E Ixy j )  (A15)
d Z L  VdZ2 I ( <LZZ / )
1*2 S t r a i n  Energy in  Coupled Bending-Bending Motion
When a p r e - t w i s t e d  b lad e  i s  s u b je c te d  to  v i b r a t i o n ,  
m o tion  o ccu rs  in  th e  xZ and yZ p la n e .  T h is  type  o f  l a t e r a l 1, 
v i b r a t i o n  o f  a p r e - tw i s t e d  b la d e  i s  c a l l e d  coup led  b end ing -bend ing  
v i b r a t i o n .
The s t r a i n  energy  dv^ in  a s h o r t  elem ent o f  le n g th  
dZ i s  g iv en  bys
dv^ -  i  Mx d' i ^  + -J- My d "j-'g  (Al6)
On s u b s t i t u t i n g  e q u a t io n  (A l l )  and (A12) i n to  e q u a t io n  (A16),
i t  can  be shown th a t?
, , 2  . / a 2
dv„ = b ) dZ
dZ2
B I y 7 P " f )  + B I x y ( “ f ) 1' (
*  *  { ' 1 1 1  ( $ ) * 1  I s r  ! ^ ) } ( &  12
& )  1 l z _ a i , )
Thus th e  t o t a l  s t r a i n  energy  o f  bending  v^ in  a b lad e  o f
l e n g th  L w i l l  bo s
I M S ) '
0
^  ( $ ) '  ] «  —  w
J
1«3 K in e t ic  Energy o f  a beam duo to  Combined Bonding-
Bonding M otions-
The, K in e t ic  energy  dT^ o f  a beam elem ent o f  le n g th  
dZ o f  a b l a d e - v i b r a t i n g  in  a .b en d in g -b en d in g  mode, can be 
w r i t t e n  a a s -
drn _ V dZ ( x ) 2 W.dZ ( y ) 2  (A19)
b “ 2g + 2g
where x = 4 r  . and-.y *d t  - d t
I t  i s  p o s s ib le  to  deduce e q u a t io n s  o f  n o t io n  o f  a v i b r a t i n g
beam h av in g  a sym m etrical c r o s s - s e c t i o n  and w ith  p r e - t w i s t
more a c c u r a te ly  by ta k in g  i n t o  c o n s id e r a t io n  th e  e f f e c t  o f
SHEAR 'REFLECTION and ROTARY INERTIA,
114-.
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Energy R e la t io n s h ip  o f  a Pro-Twisted. Beam a llo w in g  f o r  Shear
B e f l e e t i o n  and R otary  I n e r t i a  E f f e c t s s -  
FIGURE (b j
SHEARING FORCES BENDING MOMENT
INERTIA FORCES AND TORQUES
F i g . ( b )  shows th e  f o r c e s  and bending  moments a c t i n g  on 
an e lem ent o f  a beam o f  l e n g th  dZ in  l a t e r a l  v i b r a t i o n .  The 
d e f l e c t i o n s  a re  assumed sm a l l .  The t o t a l  s lope  , o f  the
beam i s  g iv en  bys
 ^ (A20)
The s h e a r in g  f o r c e s  can be w r i t t e n  ass
F  =  A  G 1 s     ( A 2 l )
K
where K = i s  a f a c t o r  making a llow ance f o r  th e  n o n -u n ifo rm ity  o f  
d i s t r i b u t i o n  o f  s h e a r in g  s t r e s s  o v e r  th e  beam c r o s s - s e c t i o n .
The s h e a r in g  f o r c e s  Fx and Fy a c t i n g  on th e  p lane  xZ
and yZ r e s p e c t i v e l y  can be w r i t t e n  as  f o l lo w s s -
G-t-, A G
K'"'"  and Fy * — g
A l s o  s
a  0 ! . a  a dp
Fx = j  ■ S - y  ■  (A22)
x = x  +------------------------------------------------------------------- (A23)
y = yg + yb  (A24)
where x & y » T o ta l  d e f l e c t i o n s  x & y -  D e f le c t io n  due to  s h e a rs s
x^ & y^ = D e f le c t io n  due to  bending  o n ly .
The c o r re sp o n d in g  s lo p e s  a re  g iv en  bys
4 > i  .  f §  4 > 2 . g   0 2 5 )
Hence from (A22) \
Fx = AG AG f     (A26)
K dZ K X s
, AG dy AG * I fon\and Fy = __  s « ^  y   ;
K dZ K
From (A23) and (A24) by d i f f e r e n c i a t i n g  w i th  r e s p e c t  to  Zs-
r i . i1
X  =  x s +  x t
t  - 1 . I
y -  y s +
Hence (A26) and (A27) can be w r i t t e n  as  fo l lo w ss
then:
(A30)
  (A31)
The t o t a l  K in e t ic  energy , T, o f  a "blade v i b r a t i n g  i n  combined 
b e n d in g -b e n d in g ,  n e g le c t i n g  th e  e f f e c t  o f  r o t a r y  i n e r t i a  i s  
g iv e n  by e q u a t io n  (A19), i . e .
Making th e  assum ption  t h a t  p la n e  c r o s s - s e c t i o n s  o f  th e  b lade  
rem ain  p lan e  a f t e r  bend ing , t h a t  i s  to  s ay ,  th e  e f f e c t  o f  w arping  
o f  c r o s s - s e c t i o n s  i s  ig n o red  th e  in s ta n ta n e o u s  K in e t ic  energy 
T o f  a b la d e  e lem ent o f  l e n g th  dZ duo to  r o t a t i o n  on ly  i s  
g iv e n  b y :
Hence combining (A32) and (A33) th e  t o t a l  K in e t ic  Energy T, 
a l lo w in g  f o r  r o t a r y  i n e r t i a  i s : -
The p o t e n t i a l  energy  V, n e g l e c t i n g  d e f l e c t i o n  duo to  s h e a r  i s  
g iv e n  by th e  e q u a t io n  (Al8)* When t h i s  e f f e c t  i s  ta k e n  in to  
a c c o u n t ,  th e  t o t a l  s lo p e s  o f  th e  b lade  a t  d i s ta n c e  Z from the  
r o o t  i s  c o n s id e re d  to  c o n s i s t  o f  two p a r t s ,  v iz  th e  s lo p e s
dT „ £ /y  t  ( 4 ?Xb ) 2 dz + Ix x  
2g  2,
+ Ixy f  (<bltl) ( az
g
g   (A33)
due to  ben d in g , <-^^1
Thus n e g le c t in g  t o r s i o n a l  e f f e c t s ,  th e  s t r a i n
en erg y  dV i s  g iv e n  bys
117
Fx cbr dy Mx d b  , dd? i
av = -g— * + ly -gS. + — _ U _  + jjy _ 2 _   (il35)
whore x and y  a re  th e  c o rre sp o n d in g  d e f le c t io n s  due to  sh e a r , s s
B ut from e q u a tio n s  (A l l )  and (A12)s
Mx = e I y y t h b '  + E Isy 4 ^ 2 * ’  (A36)
and My = E Ix x  + E ^ ^  l h 1  ( ^ 7 )
where -  dx^  a n d « |)21, = dy^
dZ" ~
E q u a tio n  (A35) can  a lso  he w r i t t e n  a s  fo l lo w s s -
r
dV = j -i- ^  r  2 S + Mx4 l h  + My ^ 2 ^  |
w here _ s  * ^ s  and = ^ s
1  A r7 \  C.'-? AT7
d Z   ( A 3 8 )
C 2 2 2 2
S u b s t i t u t i o n  o f  e q u a t io n s  (A30), (A3l)» (A36) end (A37) in to  
e q u a t io n  (A38) g iv e s :
av = jA24) 2 + M  4> 2 +.5JE2X t <b -*)2 + U s e  d-, , .J - ;  .
/  2K lp  + 2K 123 2 ' T i b  ' + 2 + l b  f ' 2 b
+ (cf>2 b ' ) 2 j- dx------------------------------------------ -(A39)
U sing  th e  r e l a t i o n s h i p s s -
x * x g + x^  ( A 4 0 )
y * y s + yb  ( M i )
and <f) 1 m . ^ l s  + 4 l b  0 r  dZ s<£ lo  + $ l b  (M 2)
2 = ^ '2,3 +$>b ° r  dZ "4*23  + t 2 b  ^A43^
and d e n o t in g  dx by xT and dy_ by y 1 and u s in g  equestions 
dZ dZ
(A40), (A 4 l) ,  (M 2)  and (M 3)  i n  (A39)«
” - { § [ < ■ ' - f c > 2 * < * ■ - < t y 2 ]
+ s j s . ^ i b ' ^ b '  + (^  , f  j  ^  —  (A44)
J
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D e r iv a t io n  o f  E q u a tio n  o f  Motion A llow ing f o r  Shear Deformation 
and R o ta ry  I n e r t i a s -
The L agrang ian  f u n c t io n  L f = T-V f o r  th e  beam i s
g iv en  b y s -
L i = \ ( k — ( i ) 2 + i H _ £ . ( p  ) 2 f a .  r . ( 4?2 b ) 2
' d i S g  2g + 2g 16 + 2g r<ib
0
+ Ixy'-f ( "p2t))(  ^ [  AG r  .2  , . L \2l_------   ^ ^  ) + (y, . ^ )  j
-r B I I ,?) + E Ixy<f:>l b ^ ^ 2b , + E l x x ( f ' 2 b ^  j j d Z  -------(A45)
1^1By H a m il to n 's  P r in c i p l e  th e  i n t e g r a l  3 L ’d t  ta k en  between to
t o
f i x e d  v a lu e s  o f  time t  and t ^  i s  s t a t i o n a r y  f o r  a dynamical 
t r a j e c t o r y ,  where L ’ « T-V, where T i s  th e  K in e t ic  Energy and 
V th e  P o t e n t i a l  Energy.
Thus a p p l i c a t i o n  o f  H am ilto n ’ s P r in c i p l e  to  e q u a t io n  (A45) g iv e s :
4 - * - ‘ j
i '  t  o -o o
Ix y  f  (<7l t ) ( c ^ )  + I x x f  ( 4 2h)
g  [<*• - A h 2+ ^ ' - h h 2
g 2g
+ (' h - b ' ) 2 + s  I x y ^ ' ^ g g '  + E j  j d Z d t ------- (A4$)
The i n t e g r a l  (A4 6 ) i s  o f  th e  forms 
L t l
1 “ f  i  y \  I /  % '  'C z > ■t > dz> 4t —  (a47)
0 t  '• * ) y  > ' ’o
where th e  r e f e r r e d  to  a s e t  o f  v a r i a b l e s  dependent upon th e
in d ep en d en t v a r i a b l e s  Z and t .
The dynam ical t r a j e c t o r i e s  o f  i n t e g r a l s  o f  th e  form 
o f  (A47) a re  g iven  when th e  i n t e g r a l  i s  s t a t i o n a r y  and the  
s t a t i o n a r y  c o n d i t io n  i s  g iven  by the  E n le r  c h a r a c t e r i s t i c
119.
« avi.a+ions o f "the forms
H  r ?  ^  < w
>V
—  (  '  ^  \  =  0Sir
(M8)
' n
A p p l ic a t io n  o f  e q u a t io n  (A4 8 ) to  th e  i n t e g r a l  (A46) f o r  each 
o f  th e  dependent v a r i a b l e s  in  t u r n  r e s u l t s  in  the  fo l lo w in g  
e q u a t io n s  o f  m otion , namelys
S .  I M  (x< _<+, )
l K
WX
S
r  j  agL <y’ - 4 ^ ) 1  -  2 *
= o
» 0
  (A49)
-  (A50)
IE
S i
l y y ^ r o '  + E M V }  + f  &  ~ ' U  ~
-  i y y t ' p lb * 0 (A51)
X <
_  j E Ixx  t 2b ’ + E I x y f ' i d j  + l T ( y ' “ + ,2b ) "
S i
U
-  5 S L i P  2b s  0-------------------------------------- -(A52)
Assuming harmonic m otions x *» x s i n  p t  e t c . ,  f o r  x ,  
g iv e s  s
q _2
  (A53)d J-AGdz  I k
t z  f t  (y’ “ f e d } + wp y  = 0
S
(A54)
t z  Iyyf V  + E Ixy? 2-b j+ (x '~ h * )+ If 2^ lb
= - Ixy ? p2 4
g
2b (A55)
-  ~Iy-y f* p2 P
e
— -------- (A56)
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L , Y 1 , U 1 , V I  
I I I
ARRA
BEGI N
i tsctetm
ETA : =CHECKR ( I B * X / L ) ;
I I I
W W : = C H E C K R ( K * W * ( P 1 * 2 ) / ( I A * G ) ) ;  
II I I I  II
I D : = S I N ( 2 * F T A ) ;
I I
I E : = C O S ( 2 * F T A ) ;
I I
I F : = R H 0 * ( P l t 2 )  ;
I I I
I G : = ( S I N ( E T A ) ) t p ;
I I
I H : = ( C O S ( E T A ) ) ? 2 ;
I I
I X : = C H E C K R ( I X X * I H + I Y Y * I G ) ;
II I I I I I I I I I I
I Y : = C H F C K R ( I Y Y * I H + I X X * I G ) ;
II I I I I I I I I I I
I XY: = CHE CKR(  I / 2 * I D )  ;
F [ 1 ] : =CHFCKR ( Y [ 5 3 ) ;
F [ 23  : =CHECKR ( Y E 6 3 ) ;
F [ 33  : =CHECKR < Y C 7 3 ) ;
F [ 4  ] : =CHECKR ( Y [ B 3 ) ;
F [ 53  : =CHECKR ( Y [ 7 1 -  W W * Y [ 1 ] ) ; 
1 1
F [ 6  3 : =CHECKR ( YF8 3 - WW* Yf 2 3  ) ,*
F [ 7 ]  * = C H F C K R ( 1 / ( F * (  I X * I Y - I X Y * 2 ) ) * (  I B * E / L * I - * ( I X Y * ( Y [ 8 3 * I D  + Y [ 7 ] * I E
I I I I I I I I I I I I I I I I  II II
( I X Y * ( Y [ 6 ] - Y t 4 ] ) - I X * ( Y [ 5 ] - Y [ 3 J ) ) + I X * I F / G * ( I X Y * Y [ 4 ] - I Y * Y [ 3 ]  
I I I  II I I I I I I I  II
F [ 8 ] : = C H E C K R ( - I Y * F m / I X Y + I B / ( L * I X Y ) * I * ( Y [ 7 ] * I D - Y [ 8 ] *
II I I I I I I I I I I II
I E ) - I A / ( E * K * I X Y ) * ( Y [ 5 J - Y [ 3 3 ) - I Y * I F  
II II I I I I I I I I I
* Y [ 3 ] / U C * J X Y ) - I F * Y [ 4 ] / I C )
VALUE H
REAL. X , H ;
BEGI N REAL HR Y 2 , HBY6 ?
I NTEGER i ;
ARRAY YBA R , P [ 1 : N ]?
PROCEDURE S T E P ( A , B , K 1 , K2 ) ;
VALUE K 1 , K P ;
REAL K1 , K 2 ?
ARRAY A , B ;
FOR I : =  1 S TEP  1 UNTI L N DO
BEGI N P [ I ] : = P [ I I + K1. * F  [ I ] ;
A [ I ] : =Yt  I 1 + K2*R I I I 
END STEP?
H 9 Yp := H/ 2 . 0 ?
HBY6 : = H / 6  . 0 ?
f o r  i : = i s t e p  i  u n t i l  n do p m :  = o . o ;
F U \ ! C T l O N ( X , Y , F ) ;  S T f P ( Y R A R , F , 1 . 0 , H B Y 2 ) ;
F U N C T I O N ( X , Y B A R , F )  ?
F U N C T I 0 N ( X , Y B A R , F )  ;
F l J N C T I O N ( X , Y B A R , F ) ;  S T E P ( Y , P , 1 . 0 , H B Y 6 )
END RKFOUR?
 I I I I I I
' PROCEDURE DET ( A , N , D ) ?
VALUE A, NJ
-----------  I
X : = X + HB Y 2 ?
S T E P ( Y B A R , F , 2 . 0 , H B Y 2 > ? 
S T E P ( Y B A R , F , 2 . 0 , H ) ?
PROCEDURE R K F O U R ( X , Y , F , H , N ) ?
------------------  I , , | | |
r n ;
ARRAY A;
I NTEGER N;
REAL D;
-------  I
BEGI N REAL V;
I NTEGER R , S , J , K J  
PROCFDURE P I V0 T ( A , M, I , J ) ;
VALUE A , M , J ;
ARRAY A;
I NTEGER M, I , J ;
BEGI N I NTEGER K;
REAL V;
V : = AB S ( A 1 1» J 1 ) ;
I * — 1 ;
FOR K : =2 STEP 1 UNTI L M DO 
BEGI N I F A R S ( A [ K » J ] ) >V THEN 
BEGI N V:  = A [ K , J ] ;
I : = K
END
END 
END P I V O T ;
J  : = 1 ;
FOR S : =N STEP - 1  UNTI L 2 DO 
BEGI N P I V O T ( A , S , R , S ) ;
I F R+S THEN
B E G I N  J : = - J ;
FOR K : = l  S TEP  1 UNTI L S DO
BEGI N V : = A [ S , K 3 ;
  I
A [ S » K 3 : = A [ R » K ] ;
I I
A [ R , K 3 : = V 
I
END
END;
FOR R : = l  STEP 1 UNTI L S - l  DO
FOR K : = 1 STEP 1 UNTI L S-1.  DO
A [ R , K l : = A [ R , K ] - A [ S , K 3 * A [ R , S ] / A [ S , S 3  
I I I I !
END ;
D : = J  ;
I
FOR R : = 1 STEP 1 UNTIL.  N DO
D : = D * A I R , R 3
I I I
END DET;
(  S y  PROCEDURE F R E Q ( P , Y , D ) ;  VALUF P;
- - a  a -  I I ---------------
ARRAY Y;
---------  I
BEGI N I NTEGER P P , M , N N , I ;  ARRAY A C1 : 4 , 1 :  4 } ;
P 1 : = d * ? * 3 - 1 4 1 6 ?
I
FOR M: = 5 STFP  1 UNTI L 8 DO
REGI N FOR NN: = 1 STEP 1 UNTI L 8 DO 
Y I N N 3 : = 0 ; Y [ M 3 : = 1 ;
FOR I : = 1 STEP 1 UNTI L 10 DO
BEGI N FOR J  : = 1 STEP 1 UNTI L ( L / < 1 0 * S L ) + 0 . 0 0 0 1  )
R K F 0 U R ( X , Y , F , S L , 8 ) ;
I I I I  I I i I
J J : = I ;
I I
FOR KK: = 1 STEP 1 UNTI L 8 DO
Y [ J  J , ( M - 5 ) # 8  + KKI : =  Y C K K 3 
I I I  I I  I I
END
END;
FOR P P : =  1 STEP 1 UNTI L 4 DO
BEGI N A [ l , P P ] : = Y [ 1 0 , 5 + 8 * ( P P - l ) ] - Y [ 1 0 , 3 + 8 * ( P P - l ) ] ;
-------------  I , |
A [ 2 , P P ]  : = Y 1 1 0 , 8 * p p 1 ;
I I
A [ 3 , PR I : = Y 1 1 0 , 8 * P P - 1 1 ;
I I
A [ 4 , P P ] : = Y [ l O , 8 * P P - 2 l - Y [ i o , 8 * P P - 4 ]
I I  I
END;
D E T ( A , 4 , n ) ;
I I
P RI NT  D , £ £ S 1 ?  = D£ L ? ?
END FREQ?
PROCFDURF S OL VE Q( A » N ) J
  I I I I I I
VALUE N;
I NTEGER N;
R e a^ l a r r a y  A ;
B E G I N
I NTEGER I , J , K , P I V , R I  » RK » N1. >
REAL P I V O T , A R K I ;
I NTEGER ARRAY R [ 1 : N ] :
SWI TCH S : = L ;
FOR I : = 1 STEP 1 UNTI L N DO
R t T ] : = I ;
M1:  = N +1 ;
FOR I : = 1 STEP 1 UNTI L N DO 
B E G I N
P I V : = I ;
R I : = R I I ] ;
PI  VOT:  =A [ R I , 13
FOR K: =  1+1. STEP 1 UNTI L N DO 
I F  ABS( A I R I K ]  , I ] ) > A B S ( P l V O T )  THEN 
REG I N
P I V : = K ;
P I V O T : = A [ R [ K 3 , I 1
E N D ;
R I : = R [ P I V ] ;
R I P I  V ] : = R r I ] ;
R I I ] : =R I ;
FOR J : = I +1 STEP 1 UNTI L N1 DO 
A [ R I , J 1 : = A [ R I , J ] / P I V 0 T ;
FOR K: =  1 STEP 1 UNTI L I - 1 , 1 + 1  STEP 1 UNTI L N DO
. - r
R K : =R [K ] ;
A R K I : = A [ R K , I ] ;
FOR J : -  1+1  S TF P  1 UNTI L N1 00
A [ R K , J ] : = A [ R K , J ] - A R K I * A [ R I , J ]
FND FOR KJ
END REDUCTI ON;
FOR I : = N STEP - 1  UNTI L ?. DO 
REGI N
K ; = R n  ] ;
I F K*I  THEN
R E G I N
END
END
END SOLVED;  
 I I I  I II
I F  K> I THEN
PEG!  N
K : =R [K 1 ;
GOTO L
E N D ;
p I V 0 T : = A [ I , N1 ] ;
A C I » N11 : = A t K , N1 ]
...F R F Q ( p l  , Y , D E T 1 )  ; )
-......  I.J..X L '
N : F R E 0 ( P ? , Y , D E T P ) ;
! I N I  -
A [ K » N1 1 : = P TVOT
D E T i : = D E T 2 J  
I I I  I I I
M: FOR AA: = 1 STEP 1 UNTI L 10  DO
FOR R : = 1 STEP 1 UNTI L 3?-  DO
Z [ A A , R ] : = Y [ A A , R I J
I I
F R E Q ( P 3 , Y , D E T 2 )  J 
I I I I
P RI NT £ £ L S 4 ? P 1 £ S 8 ? P 2 £ S 8 ? P 3 £ L ? ? , A L I G N E D ( 3 , 5 ) , S A M E L I N E , P 1 , P 2 , P 3 ;
BEGI N REAL M, K1 , K 2 » T ;
ARRAY A [ 1 11 0 » 0 J 11 1 » A L P H A [ 1 • 4 ] »XB»YBCi:i01 ’>
  II II
I NTEGER R;
SWI TCH S S : = T T , T , T 1 , T 2 ;
----------  I I I I I
T : = 1 ;
FOR B : = 0 STEP 1 UNTI L 3 DO
REG I N
A [ l , B ] : = Z [ 1 0 , 8 * R + 5 ] - Z [ 1 0 , 8 * B + 3 ] J  
I I
A [ 2 , B ] : = Z [ 1 0 , 8 * B + 6 ] - Z [ l 0 , 8 * B + 4 ] ;
I I
A [ 3 , R ] : = Z 11 0 , 8 * ( R +1 ) I ;
I
A 11 ,  4 ] : = -  A [ 1 ,  0 I ;
A [ 2 , 41 : = -  A I 2 , 0 I i 
A [ 3 » 4 ] : = -  A [ 3 » 0 ] ;
P 3 : =  P 1 - ( P 1 - P 2 ) / ( D E T 1 - * D E T ? ) * D E T 1 ;
I I I  I I I  I I I
PRI NT £P3 = ? , SAMEL I ME, P 3 ; t>
I F ARS ( P 3 - P2  ) <fo. 01) THEN GOTO M;
P I : =P2 J P 2 : =P3 ;
GOTO n ;
S 0 L V E Q ( A , 3 > ;
I I I I I I
A L p H A [ 1 ] : = 1 . n 0 0 0 J 
ALPHA [ 2 ) : = A [ 1 , 4 1 ;
AL P HA[ 31  : = A [ 2 , 4 ]  ;
AL P HA[ 4 ]  : = A [ 3 , 4 ]  J 
P RI NT  £ £ L S 3 ? AL P HA[ 1 .  ] £ S R ? A L P H A [ 2 ] £ S 8 ? A L P H A [ 3 I £ S 8 ? A L P H A [ 4 ] £ L ? ? ,
A L I G N E D ( 3 , 5 ) , SAMEL I N E , A L P H A [ 1 ]  , £ £ S 5 ? ? , ALP HA[ 2 1 , £ £ S 5 ? ? , A L P H A [
P RI NT  £ £ L S 4 ? X £ S 1 0 ? Y A £ S 1 0 ? X 1 £ S 1 0 ? Y 1 £ S 1 0 ? U 1 . £ S 1 0 ? V 1 £ S 1 0 ? U 2 £ S 1 0 ?  
I II I I I I I
FOR A A : =  1 STEP 1 UNTI L HI  DO 
BEGI N
X [ 1 , A A ] : = C H E C K R ( A L P H A [ 1 ] * Z [ A A , 1 ) + A L P H A [ 2 ] * Z [ A A , 9 ] + A L P H  
I I I  I I I  I I I
Y A [ l , A A ] : = C H F C K R ( A L P H A [ l ] * Z [ A A , 2 ] + A L P H A [ 2 ] * Z r A A , 1 0 ] + A L  
I I II I I I  I I I
X1 [ 1 , A A 1 : = C H E C K R ( ALP HA[ 1 ] *Z CA A , 5 ] + ALP HA[ 2  I * Z [ A A , 1 3 1 + A  
I I I  I I I  I I I
Y1 I I , A A ] : = CHECKR( A L P H A [ 1 ) * Z [ A A , 6 ] + A L P H A [ 2 1 * Z [ A A , 1 4 ] + A  
I I I  I I I  I I I
U 1 [ 1 , A A ] : = C H F C K R ( A L P H A [ 1 ] * Z [ A A , 3 ] + A L P H A - [ 2 1 * Z [ A A , 1 1 ] + A L  
I I I  I I I  I I I
V1 [ 1 , A A ] : = C H F C K R ( A L P H A m * Z [ A A , 4 ] + A L P H A [ 2 I * Z [ A A , 1 2 ] + A 
I I I  I I I  I I I
U 2 r i , A A ] : = C H E C K R ( A L P H A E l ) * Z [ A A , 7 ] + A L P H A [ 2 ] * Z [ A A , 1 5 ] + A L  
I I I  I I I  I I I
V 2 r t , A A l : = C H F C K R ( A L P H A [ l ] * Z r A A , 8 3 + A L P H A [ 2 ] - “- Z [ A A , T 6 1 + A L  
I I I I I I  I I I
P RI NT  S A M F L I N E , X [ 1 , A A ] , £ £ S 1 ? ? , Y A [ 1 , A A ] , £ £ S 1 ? ? , X 1 [ 1 , A A ]  
  I | |  II II I II
Y1 [ 1 ,  A A ] , £ £ S 2 ? ? , U 1 I 1 , A A ] , £ £ S 2 ? ? , V 1 [ 1 , A A ]  , £ £ S 2 ? ? , U 2 f l , A
V? [ 1 , AA] , £ £ L ? ?
I I I
e n d  ;
K 1 :
I
FOR
I F A B S ( X [ 1 ,  I 1 ) > K1 THFN K1 : = AB S ( X 11 ,  I ] ) ;
I I --- I |
FOR I : = 1 S TF P  1 UNTI L 10  DO
I F A R S ( Y A [ 1 , I ] ) > K 1  THEM K 1 : = AB S ( YA[ 1 ,  I I ) ;
I I I  --------  I I I
FOR I : = 1 S TF P  1 UNTI L 10 DO 
BEGI N
X T [ l , n : = X [ l , I I / K i ;
II I I
YAT [ 1 , I ] : = YA T1 , I ] / K i ;
I I I  II I
e n d  ;
P RI NT  £ £ L S 4 ? X T £ S 1 0 ? Y A T £ S 1 0 ? X £ S 9 ? Y A £ S 1 0 ? X B £ S 1 0 ? Y B £ L ?  
  II I I I  I II II II
TT:  FOR I : = l  STEP 1 UNTI L 10 DO
FOR J : =1 STEP 1 UNTI L 10  DO
A C I , J ]  : = 0 ;
A [ i , ? ] : = 1 ;
FOR I : =2 STEP 1 UNTI L 9 DO 
FOR J  : = < I - 1 )  DO 
A C I , J ] : = - i ;
FOR I : =2 STEP 1 UNTI L 9 DO 
F or  J  : = ( I + 1 )  DO 
A [ I , J  I : = 1 ;
= A B S ( X [ 1 , 1  I ) ;
I
I : = 1 STEP 1 UNTI L 10  DO
“* l. w * x  u j • -  9
1 :
I
T1:
A[ i  0, 91
I F 1=2  THEM GOTO T;
I F  T = 3 THEN GOTO T1J
I F T = 4 THEN GOTO 1 2 ;
F O R  I : = 1  STEP 1 UNTI L 10 DO
A[ T, i l l := U1 [ 1 , 1 1 * 1 . 2 ;
I
S O L V E Q ( A , 1 0 )  ;
I I I I I I
FOR I : = 1  STEP 1 UNTI L 10  DO
X B [ I ] : = 4 [  I , 111  ;
I I
T : = T + 1 ;
GOTO TT;
FOR I s =1  STEP 1. UNTI L 10  DO
A [ I , J 1 ]  : = VI I I , I  1 * 1 . 2 ;
I
S OL VE D( A , 1 0  ) ;
I I II I I
FOR I ; = 1  STEP 1 UNTI L 10  DO
YBI  I I : =A I I , 11 I ;
I I
T : =T + 1 ;
GOTO TT;
  II
FOR I : = 1  STEP 1 UNTI L 10  DO
A [ I , 111  : = 1 . 2*X1 11 , T I ;
I
S OL VE D( A , 10  ) ;
I I I I I I
FOR I : = 1  STEP 1 UNTI L 10  DO
X [ l , I ] : = A [ I , l l l ;
T : = T + i ;
GOTO t t ;
T 2 : FOP I : = 1 S TEp  1 UNTIL.  10  DO
A [ I , 11  ] : = 1 .  2 * Y1  [ 1 , 1 ] ;
I
S OL VF Q( A , 1 0 ) ;
I I I I I I
FOR l : = l  STEP l  UNTI L 10 DO 
YA[ 1 , I I : =A [ I , 111  ;
K 2 : = A B S ( X 8 [ 1 1 ) ;
I ! I
FOR I : = 1  STEP 1 UNTI L 10  DO
I F A B S ( X R [ I  I ) > K 2  THEN K 2 : = A B S ( XBI I I ) ;  
II I ---------- I I I
FOR I : = 1  STEP 1 UNTI L 10  DO
I F  APS ( YB [ I ] ) >KP THEN K p : = A8 S ( YB[ I I  ) J 
II I ---------- I I I
FOR I : = 1  STEP 1 UNTI L 10  DO
BEGI N XB EI I  : = X 8 [ I ] / K 2 ;
YB I I ] : =YB I I I / « ? ;
II II I
END ;
FOR I : = 1 STFP  1 UNTI L 10  DO
P RI NT  £ £ L ? ? , S A M E L I N E , A L I G N E D ( 1 , 7 )  , X T C 1 ,  I I , £ £ S 1  ? , Y A T f l , I l ,
£ £ S ? ? , X [ 1 ,  I I  , £ £ S ? ? , Y A C 1 , I ] , £ £ S ? ? , X R [ I ]  , £ £ S 1 ? ? » Y 8 [ I 1  , £ £ L 
I I I II II
END 5
R F G I M
REAL M, K1 , K 2 , T ;
  I I |
■  - - 1 ■
ARRAY A [ 1 : 1 0 , 0 : 1 1  ] , ALPHA M. . : 43 , X B , Y B ! i : i 0  3 J 
  II II
I NTEGER BJ SWI TCH S S : = T T , T , T l , T 2 J  
    I I I I I
T : =1;
FOR B : =  0 STEP 1 UNTI L 3 DO 
BEGI N
A [ l , B ] : = Y ! 1 0 , 8 * B + 5 ] - Y ! 1 0 , 8 * B + 3 3 ;
I I
A ! 2 , B ] : = Y ! 1 0 , 8 * B + 6 3 - Y ! 1 0 , 8 * 8 + 4 1 ;
I I
A [ 3 , B 1 : = Y [ 1 0 , 8 * ( B  + 1 ) 3 J  
I
A [ 1 ,  4 ] : = -  A 11 ,  0 1 ;
A [ 2 , 4 3 : = -  A [ 2 , 0 3 J 
A [ 3 , 4 ] : = -  A r 3 , 0 ] ;
e n d *
S 0 L V F Q ( A , 3 ) J  
I I I I I I
ALPHA!  1.3 : = 1„ . nOGO;
A L P H A ! ? ]  2 = A ! 1 , 4 3  >
A L P H A E 3 3 : = A [ ? , 4 3 ;
A L P H A I 4 ] : =  A ! 3 , 4 1 ;
PRI NT f £ L S 3 ? A L P H A [ 1 3 £ S 5 ? A L P H A [ ? 3 £ S 8 ? A L P H A ! 3  3 £ S 8 ? A L P H A ! 4 3 £ L  ? , A L . I G N E D ( 3 , 5 ) ,
SAMEL I ME, AL P HA[ 13  , £ £ S 5 ? ? , ALPHA ! 23 , £ £ S 5 ? ? , A L P H A ! 3 3 , £ £ S 5 ? ? , A L P H A [ 4 3 ;  
PRI NT £ £ L S 4 ? X £ S 1 O ? Y A £ S 1 O ? X 1 £ S 1 0 ? Y 1 £ S 1 0 ? U 1 £ S 1 O ? V 1 £ S 1 O ? U 2 £ S 1 O ? V 2 £ L ? ? ;
  I I I I I I I I I
FOR A A : = 1 STEP 1. UNTI L 10  DO 
BEGI N
X ! ? , A A 3 : = A L P H A ! 1 3 * Y ! A A , l 3 + A L P H A ! 21  * Y ! A A , 9  3 + AL P HA ! 3 3 * Y! AA
i ^  i c. r m «  j • -  « r  n  h  i ±  j i l J . U J T « L r n A  I o  I * T  I
I I I I I I I  I I I  |
X I [ 2  , A A ] : = A L P H A [ 1 ] * Y [ A A , 5 ] + A L P H A [ 2 ] * Y [ A A , 1 3 1 + A L P H A [ 3 ] * Y  
I II I I I  I I I  |
Y1 [ 2 , A A ] : = A L P H A [ l ] * Y [ A A , 6 1 + A L P H A [ 2 ] * Y [ A A f 1 4 ] + A L P H A [ 3 ] * Y  
I I I  I I I  I I I  |
U1 [ 2 ,  AA ] : = AL P HA[ 1 ] * Y [ A A , 3]
I II I I I
V1 [ 2 > A A ] : = A L P H A [ l ] * Y t A A , 4 ] + A L P H A [ 2 ] * Y [ A A , 1 2 ] + A L P H A [ 3 ] * Y  
I I I  I I I  I I I  |
l ) 2 [ 2 » A A ] : = A L P H A f l ] * Y [ A A , 7 ] + A L P H A [ 2 ] * Y [ A A , 1 5 ] + A L P H A r 3 ] * Y [  
I I I  I I I  I I I  I
V 2 [ 2 , A A ] : = A L P H A [ 1 ] * Y [ A A , 8 ] + A L P H A [ 2 ] * Y [ A A , 1 6 ] + A L P H A [ 3 ] * Y [  
I I I  I I I  I I I  I
P RI NT  SAMEL I N F , X I 2 , A A ] , £ £ S 1 ? ? , Y A [ 2 , A A ] , £ £ S 1 ? ? , X 1 1 2 , AA] ,  
  I l l  I I I I I II
£ £ S 2 ? ? , Y 1  [ 2 » A A] , £ £ S 2 ? ? > U1 I 2 , A A ] , £ £ S 2 ? ? , V 1 I 2 , A A ] , £ £ S 2 ? ? ,
I II I II I II
U 2 I 2 ,  AA] , £ £ S l ? ? , V  2 T 2 , A A ] , £ £ L ? ?
I II I II
END;
K1 :  = A B S ( X [ ? , 1 ] ) ;
I I
FOR I : = 1 STEP  1 UNTI L 10  DO
I F A B S ( X I 2 , I I  ) >K1 THFN K1 : = AB S ( X I 2 , I I ) ;
I I ----------  I I
FOR I : = 1 STFP  1 UNTI L 10  DO
I F A R S ( Y A I 2 ,  I 1 ) > K l  THEM Kl  : = ABS ( YAI 2 , I I ) J
II I   I I I
FOR i : =  1 STFP  1 UNTI L 10  DO 
BEGI N
X T I 2 » I ]  I = X [ 2  » I I / K l ;
II I I
YAT [ 2 ,  TI : = YA[ 2 ,  I ] / K l  ;
END;
PR I NT ££LS4?XT£S10?YAT£S10?X£S10?YA£S10?XB£S10?Y8£L??;  
  II III I II | |  | |
TT: FOR I : =1 STEP 1 UNTIL 10 DO
FOR J: =l  STEP 1 UNTIL 10 DO
A I I , J] : =0 ;
A [ l » ? ] : = 1.;
FOR l :=2 STEP 1 UNTIL 9 DO 
FOR J : = ( I -1 ) DO 
A I I , J 3:=-1;
FOR I : =2 STEP 1 UNTIL 9 DO
FOR J : = ( I +1) DO
A[ I , J ]  : =1 ;
A [1.0,10 3 :=?;
At 10,93
IF T = 2 THEM GOTO T;
IF T = 3 THEN GOTO T1 ;
IF T = 4 THEM GOTO T2;
FOR I :=1 STEP 1 UNTIL 10 DO
A[ I , 1 1 3 : =U1 1 2 , I 3 *1 * 2i 
I
SOLVFQ( A , 10 ) ;
I I I I I I
FOR I : =1 STEP 1 UNTIL 10 DO
XB[ I 3 : =A I I , 113 ;
I I
T : =T + 1 ;
GOTO TT;
A EI, 11 ] : =  V1 C 2,
I
S0LVFQ(A»10) ;
I I I I I I
FOR I ;=1 STEP 1 UNTIL 10 DO
YB[ I ] : =A[ I , 11]  ;
I I
T:=T+i;
GOTO TT;
  I |
Ti: FOR I 1=1 STEP 1 UNTIL 10 DO
A[ I , 11 ] : = 1 . ?*X1t 2 » I ] J 
I
S 0 L V F Q ( A, 10 ) ;
I I I I I I
FOR I :=l  STEP 1 UNTIL 10 DO
X[2,  I] : =A[ I ,11 ] ;
I
T:=T+l;
GOTO TT;
  | |
T2: FOR I :=1 STEP 1 UNTIL 10 DO
A t I , 1 1 1 : = 1 . 2 * Y1 [ 2 , 1 ] ;
I
s o l v f q ( a  ,  i o ) ;
I I ! t I I
FOR I :=1 STEP 1 UNTIL 10 DO
YA [2 , I ] : =A [ I , 11 ] J
I I
K 2 : = A B S ( X B [ 1 ] ) ;
I I I
FOP I : =1 STEP 1. UNTIL 10 DO 
IF ABS(X8[ I ] )>K2 THEN K2:=ABS( XBII1)
FOR I : = 1 S T E D 1 UNTIL.  10  DO
IF A R S ( Y B [ i n > K 2  THEN K 2 : = A 3 S ( Y B I I ] ) ;
II I   I I I
FOR I :=1 STEP 1 UNTIL 10 DO
REGIN XB I II : =XRI I I / K?;
  II II I
Y3 [ I ] := YB I I I/K2
II II I
END ;
FOR l := 1 STEP 1 UNTIL 10 DO
P RI NT £ £ L ? ? , S A ME L  I ME,  ALI GNED ( 1 , 7 )  , XTE2 ,  I I , £ £ S 1  ? ,  Y A T I 2 ,  I I  ,
  II III
£ £ S ? ? , X I 2 , I I , £ £ S ? ? , Y A I P , I I , £ £S ? ? , XB E I 3 , £ £ S l ? ? , Y B f  I I 
I II II II
END;
PRINT ££LS3?IXX£S10?IYY£S1.2?IXY£L??J 
  I I I
FOR NN: = 0 STEP 1 UNTIL 10 DO
BFGIN X: =NN*(L/10 ) ;
  I l l
I X X I N N I : = I X X * ( ( C 0 S ( E T A * X / L ) ) t 2 )  + ( I Y Y * ( ( S I N ' ( E T A * X / L ) ) t 2 ) ) ;  
I I I  III I II I I
IY Y I N N I := IYY*((C0S(ETA*X/ L)) t?)+(IXX#((SIN(ETA*X/ L)) t2) ) ;
I I I I I I I III I
IXYENN3 := (IYY-IXX)/2*(SIN(2*ETA*X/L>);
I II I I I  I I I
PRINT ALIGNED ( l , 7) , SAMELINE, IXX[NN3, ££S3??, IYYfNN], ££S3??, IXYINN],££L??;  
  I l l  I I I  I I I
END;
PR I NT ££LSS?MX£S9?MY£SP?FX£S12?FY£L??;
  II II II II
FOR RB:= 1, 2 DO 
 I I
b e g i n
m x I B R I —  E * I Y Y [ l O ] * U ? [ B B » l O ] + E * I X Y r i O ] * V 2 [ R B , 1 0 ] ;
I I II I I  I I I  I I  I I I
MYE RRI : = E * I X X r i n ] * V 2 [ B B , 1 0 ] + E * I X Y [ 1 0 ] # U ? r B B , 1 0 ] :
F X [ BR3 : = A * G * ( X I [ B B , 10  3 - U 1 [ B B , 10  3 ) / K ?
I I I I I I I I I i l l  I
F Y [ 8 R 3 : = A*G*(Y1[BB,103- VI [ BR, 10 3)/KJ 
I I I I I I I  I I  I I I  I
PRINT SAMELINE,MX[PB3,££S2??,MYIBB3 »££S2??,FX[ B3,££S2??,FY[BB3 
  I I I I I I I I I I I I I I I I
E N D
END;
R E S T A R T
